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About This Volume

This book combines the full notebook sequence developed for learning, implementing, and evaluating
tensor-structured statistical process control (SPC). The material moves from tensor foundations
through decomposition methods, residual and score-based monitoring, Monte Carlo benchmarking,
ARL calibration, and sequential EWMA /CUSUM extensions, curated simulation results, conclusions,
and references.

The DOI and citation information are included as part of the front matter so the document can be
treated as a citable technical monograph rather than only a notebook export.

The typesetting in this edition is designed for printing. Explanatory text is set as a technical
monograph, while executable Python content is preserved in clean code listings for desk-reference
use.
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Part 1

Foundations and Decomposition



Tensor Foundations for SPC

This section introduces the tensor concepts most relevant to this work:

e vectors, matrices, and higher-order tensors
e inner products and norms

e outer products

o unfolding / matricization

e n-mode products

e Tucker decomposition

o residual tensors and the Q statistic

The focus is computational and practical, using NumPy and TensorLy.

1.1 Imports

import numpy as np

try:
import tensorly as tl
5 from tensorly import unfold
6 from tensorly.tenalg import mode_dot
7 from tensorly.decomposition import tucker
8 from tensorly.tucker_tensor import tucker_to_tensor
9 TENSORLY_OK = True
10 except Exception as e:
11 TENSORLY_OK = False
12 print ("TensorLy is not available:", e)

1.2 Vector inner product and norm



1.3. Matrix (second-order tensor) inner product and Frobenius norm 3

np.array([1, 2, 3], dtype=float)
np.array([4, 5, 6], dtype=float)

< B
nn

inner_uv = np.dot(u, v)
norm_u = np.linalg.norm(u)

7 print("u =", w)

8 print("v =", v)

9 print("u - v =", inner_uv)
10 print("||ul| =", norm_u)

1.3 Matrix (second-order tensor) inner product and Frobenius

norm
1 X = np.array([[1, 2],
2 [3, 411, dtype=float)
3
4 Y = np.array([[5, 6],

[7, 8]1, dtype=float)

inner XY = np.sum(X * Y)
8 fro_X = np.linalg.norm(X)

10 print("X =\n", X)
11 print("Y =\n", Y)

12 print("(X, Y) =", inner_XY)
13 print("||X||_F =", fro_X)

1.4 Third-order tensor inner product

A = np.array([

1
2 [f1, 21,
3 [3, 411,
4

5 L[5, 61,
6 [7, 811

7 ], dtype=float)

9 B = np.array([

10 [[1, O],
11 [o, 111,
12

13 [[2, 1],

14 [1, 2]1]
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15 1, dtype=float)

16

17 inner_AB = np.sum(A * B)

18 mnorm_A = np.sqrt(np.sum(A * A))
19

20 print("A shape:", A.shape)

21 print("B shape:", B.shape)

22 print("(A, B) =", inner_AB)

23 print("|[|A|| =", norm_A)

1.5 Outer product (tensor product of vectors)

For vectors, the tensor product is the outer product.

np.array([1, 2], dtype=float)
np.array([3, 4], dtype=float)

<
]

outer_uv = np.outer(u, v)

1
2
B
4
5 print("u ® v =\n", outer_uv)

1.6 Tensor unfolding / matricization

1 T = np.arange(24) .reshape(3, 4, 2)

2

3 modeO = T.reshape(T.shape[0], -1)

4 model = np.moveaxis(T, 1, 0).reshape(T.shape[1], -1)
5 mode2 = np.moveaxis(T, 2, 0).reshape(T.shape[2], -1)
6

7 print("Original shape:", T.shape)

8 print("Mode-0 unfolding:", modeO.shape)

9 print(mode0)

10 print("\nMode-1 unfolding:", model.shape)
11  print(model)

12 print("\nMode-2 unfolding:", mode2.shape)
13 print(mode2)

1.7 TensorLy unfolding and n-mode products

1 if TENSORLY_OK:

2 X = tl.tensor(np.arange(24) .reshape(3, 4, 2), dtype=float)
3 print ("Mode-0 unfolding shape:", unfold(X, 0).shape)

A print ("Mode-1 unfolding shape:", unfold(X, 1).shape)

5 print ("Mode-2 unfolding shape:", unfold(X, 2).shape)



1.8. Tucker decomposition

7 M = tl.tensor([[1, O, O],

8 [0, 2, 0]], dtype=float) # shape (2,3)
10 X2 = mode_dot (X, M, mode=0)

11 print("Original shape:", X.shape)

12 print ("After mode-0 multiplication:", X2.shape)

13 else:

14 print ("Install TensorLy to run this section.")

1.8 Tucker decomposition

1 if TENSORLY_OK:

2 X = tl.tensor ([

3 [[1.0, 2.0],

4 [3.0, 4.0]1,

5

6 [[5.0, 6.0],

7 [7.0, 8.0]]

8 D

9

10 core, factors = tucker (X, rank=[1, 2, 2])

11 X_hat = tucker_to_tensor((core, factors))

12

13 print("Core tensor:\n", core)

14 for i, f in enumerate(factors):

15 print (f"\nFactor matrix for mode {il}:\n", f)
16

17 print ("\nReconstruction:\n", X_hat)

18 else:

19 print ("Install TensorLy to run this section.")

1.9 Residual tensor and Q) statistic

In tensor SPC, a very natural analogue of SPE/Q is the squared norm of the residual tensor.

1 if TENSORLY_OK:

P E = X - X_hat

3 Q = tl.sum(E * E)

4

5 print("Residual tensor:\n", E)

6 print ("\nQ statistic =", float(Q))

7 else:

8 print ("Install TensorLy to run this section.")
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1.10 Why this matters for tensor SPC

This section builds the bridge from classical tensor algebra to monitoring logic:

e inner product — similarity / energy / projection geometry
e norm — magnitude of variation

o unfolding — interface between tensors and matrix methods
e Tucker decomposition — low-rank tensor subspace model

¢ residual tensor — out-of-model variation

Q statistic —+ monitoring unexplained variation



Tucker Decomposition and HOSVD
Workflow

This section focuses on the multilinear decomposition ideas that are most relevant for tensor SPC.

Topics:

e mode-wise structure

e Tucker decomposition

e interpretation of factor matrices
e reconstruction quality

¢ low-rank approximation

2.1 Imports

1 import numpy as np
2 import matplotlib.pyplot as plt

4 try:

5 import tensorly as tl

6 from tensorly.decomposition import tucker

7 from tensorly.tucker_tensor import tucker_to_tensor
8 from tensorly import unfold

TENSORLY_OK = True
10 except Exception as e:
11 TENSORLY_OK = False
12 print ("TensorLy is not available:", e)

2.2 Build a structured synthetic tensor

Think of the tensor as parts x variables x time points.

7
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np.random.seed(7)

5
10

n_vars

1

2

3 n_parts = 20
4

5 n_time

7 part_pattern = np.linspace(-1, 1, n_parts)[:, None, None]

8 var_pattern = np.array([1.0, 0.8, 1.2, 0.9, 1.1]) [None, :, None]
9 time_pattern = np.sin(np.linspace(0, 2*np.pi, n_time)) [None, None, :]

11 signal = 2.0 * part_pattern * var_pattern + 1.5 * var_pattern * time_pattern
12 noise = 0.15 * np.random.randn(n_parts, n_vars, n_time)

14 X_np = signal + noise
15 print("Tensor shape:", X_np.shape)

2.3 Visualize one slice

plt.figure(figsize=(8, 4))
plt.imshow(X_np[:, :, 0], aspect='auto')
plt.colorbar()

plt.title("Slice at time index 0")
plt.xlabel("Variable")

6 plt.ylabel("Part")

plt.show()

TR W N =

~

2.4 Tucker decomposition

1 if TENSORLY_OK:

2 X = tl.tensor(X_np, dtype=float)

3 rank = [3, 3, 3]

A core, factors = tucker (X, rank=rank)

5 X_hat = tucker_to_tensor((core, factors))

6 print("Core shape:", core.shape)

7 for i, f in enumerate(factors):

3 print (f"Factor {i} shape:", f.shape)

9 else:

10 print ("Install TensorLy to run this section.")

2.5 Inspect factor matrices



2.6. Reconstruction error

1 if TENSORLY_OK:
2 for i, f in enumerate(factors):
3 print (£"\nFactor matrix {i}:\n", np.array(f))

2.6 Reconstruction error

if TENSORLY_OK:
residual = np.array(X - X_hat)

print("Relative reconstruction error:", rel_error)

2.7 Compare ranks

1 if TENSORLY_OK:

2 rank_options = [

3 (1, 1, 11,

4 [2, 2, 21,

5 B, 8, &l

6 [4, 4, 4]

7 ]

8

9 errors = []

10 for r in rank_options:

11 core_r, factors_r = tucker(X, rank=r)

12 X_hat_r = tucker_to_tensor((core_r, factors_r))
13 err = np.linalg.norm(np.array(X - X_hat_r)) / np.linalg.norm(X_np)
14 errors.append (err)

15

16 for r, e in zip(rank_options, errors):

17 print(f"Rank {r}: relative error = {e:.6f}")

2.8 Plot reconstruction error vs rank

1 if TENSORLY_OK:

2 plt.figure(figsize=(8, 4))

3 plt.plot(range(l, 5), errors, marker='o')

4 plt.xticks(range(1, 5), ['[1,1,1]', '[2,2,2]', '[3,3,3]",
5 plt.ylabel("Relative reconstruction error")

6 plt.xlabel("Chosen Tucker rank")

7 plt.title("Effect of rank on approximation quality")

8 plt.show()

rel_error = np.linalg.norm(residual) / np.linalg.norm(X_np)

'[4,4,4]1']1)
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2.9 SPC interpretation
Within this work, the decomposition provides:

¢ a mode-wise low-rank structure
¢ a reconstructed tensor representing modeled behavior

¢ a residual tensor representing unexplained behavior

That residual is the natural foundation for a tensor-based Q/SPE statistic.



Theoretical Foundations and
Development of Tensor SPC

3.1 Introduction

Classical multivariate statistical process control (MSPC) methods are formulated for vector-valued
observations and rely on covariance structure estimated from flattened data representations. In many
modern applications, process data are inherently multiway, exhibiting structure across variables,
time, spatial dimensions, or operating conditions. Vectorization of such data obscures this structure
and may degrade monitoring performance.

Tensor-based SPC extends MSPC by preserving multiway structure through multilinear representa-
tions. This enables monitoring methods that respect the inherent organization of the data while
retaining compatibility with established statistical frameworks.

3.2 Assumptions

Let {X;}1 ;, where &; € RI1*XIN denote Phase I observations. Let a Tucker model with ranks
(Ry,...,RN) be fitted, yielding factor matrices U (") and core coefficients G;.

We adopt the following conditions for analysis:

A1l (Centering and scaling). Data are mode-wise centered and, where appropriate, scaled so
that first- and second-order moments are comparable across modes.

A2 (Multilinear signal plus noise). There exists a low-rank multilinear structure
Xy =S + &,

where S; lies on a low-rank Tucker manifold and &; is a zero-mean noise tensor.

A3 (Noise). vec(&;) is sub-Gaussian with covariance ¥ . For classical approximations, Gaussianity
may be assumed.

A4 (Independence or weak dependence). The sequence {&;} is independent or satisfies a weak
dependence condition sufficient for asymptotic approximation of projected scores.

A5 (Identifiability). Factor matrices U™ are orthonormal, with the usual Tucker indeterminacies

11



12 Chapter 3. Theoretical Foundations and Development of Tensor SPC

understood.

A6 (Rank selection). Chosen ranks capture the dominant signal subspace without absorbing
residual noise structure.

3.3 Multilinear Representation
Let X € RI**IN denote an N-way tensor. A Tucker decomposition represents X as

XraGx UY xy oo xy UM,

where G is a core tensor and U™ ¢ RI»*En are factor matrices. This decomposition preserves
multiway structure while reducing dimensionality mode by mode.

In contrast to vector PCA, which imposes a single global subspace after flattening, the Tucker model
captures structured variation distributed across multiple modes.
3.4 Monitoring Statistics

Let z; = vec(G;) denote the vectorized score representation of the projected core tensor.

3.4.1 Tensor T2
The tensor T? statistic is defined by

T? =z A1z,

where A is the covariance matrix of the retained score representation. This statistic measures
variation aligned with the modeled multilinear subspace.

3.4.2 Tensor @

The residual-based monitoring statistic is

Q: = || — X%,

where X, is the reconstruction from the low-rank model. The () statistic measures variation outside
the modeled structure.
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3.4.3 Complementarity

The two statistics provide complementary sensitivity:

o T?: structured, global deviations within the modeled subspace

e (J: localized or unmodeled deviations outside the low-rank representation

3.5 Theoretical Properties

3.5.1 Theorem 1 (Asymptotic distribution of tensor 7?)

Under A1-A6 and correct model specification, the tensor 72 statistic admits the approximation

2d 2
jjt_>Xd7

where d = R;--- Ry, provided A is consistently estimated and the effective dimension remains
moderate relative to the Phase I sample size.

3.5.2 Theorem 2 (Residual ) approximation)

Under A1-A6, the residual statistic
Q=% — X%
admits a moment-matched approximation of the form

Qt ~ QX%a

where 6 and h are determined from the first two moments of the residual spectrum.

3.5.3 Theorem 3 (Sensitivity of 7?)
If a shift lies primarily in the modeled multilinear subspace, then the probability of exceeding the T2

control limit increases with the subspace-aligned shift magnitude. Accordingly, 72 is most sensitive
to structured, global deviations.

3.5.4 Theorem 4 (Sensitivity of )

If a deviation lies primarily in the orthogonal complement of the modeled subspace, then the expected
value of @ increases with residual energy, while 72 remains comparatively stable. Accordingly, @ is
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most sensitive to localized or unmodeled anomalies.

3.5.5 Corollary (Complementary detection behavior)

For mixed alternatives containing both structured and orthogonal components, T2 primarily detects
the structured component, whereas () primarily detects the orthogonal component. This establishes
the complementary monitoring roles of the two statistics.

3.6 Control Limits and ARL

Let c§2 and c? denote upper control limits at significance level a.

T2

[ ) COC

may be obtained from chi-square approximations or finite-sample adjustments.

. cg may be obtained from moment-matched approximations or empirical Phase I quantiles.

For a target in-control average run length ARLg, a common approximation is

1
ARLy’

ax

In sequential extensions such as EWMA and CUSUM, the in-control ARL is generally calibrated
through simulation or Markov-chain approximations.

3.7 Relation to Interaction Structure

Tensor SPC captures structured covariance across modes rather than explicit parametric inter-
action effects. Unlike designed experiments, which model interaction terms directly, multilinear
decompositions identify latent patterns reflecting joint variation across dimensions.

Accordingly, tensor SPC provides a descriptive representation of multiway dependence without
assigning explicit causal interpretation to individual interactions.

3.8 Implementation Considerations

3.8.1 Data organization

The choice of tensor modes should reflect the process structure, such as variable x time X condition
or sensor X location x time. Improper mode selection can obscure relevant variation.
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3.8.2 Rank selection

Selection of (R, ..., Ry) governs the bias—variance tradeoff. Practical approaches include explained
variation, cross-validation, and stability of monitoring statistics.

3.8.3 Scaling

Mode-wise centering and scaling are required to ensure comparability across variables and operating
conditions.

3.8.4 Computation

For large datasets, multilinear decompositions may require efficient or incremental algorithms for
practical deployment.

3.9 Extensions and Research Directions

Tensor SPC naturally supports several extensions:

sequential monitoring through EWMA and CUSUM applied to tensor 72 and @

adaptive updating for nonstationary processes

integration with machine learning methods for residual analysis

further theoretical development for distributional approximations and run-length properties

3.10 Summary

Tensor SPC generalizes classical MSPC by preserving multiway structure through multilinear
decomposition. The resulting framework enables structured monitoring through tensor 72 and
() statistics, providing complementary sensitivity to global and localized deviations. This yields
a principled foundation for monitoring structured, high-dimensional process data and supports
continued methodological development in multiway process control.

3.11 Relation to Existing Work

This framework extends classical multivariate statistical process control approaches by replacing
vectorized representations with multilinear tensor models. Classical PCA and MSPC provide the
natural vectorized baseline, while tensor decompositions preserve multiway structure across variables,
time, and operating conditions. This distinction is central to the interpretation of the simulation
studies that follow.



Operational Tensor SPC Workflow

The Tensor SPC implementation follows a practical workflow intended to support both process
monitoring and diagnostic interpretation. This addition connects the theoretical framework to the
current Tensor SPC Toolkit implementation while preserving the original development sequence.

Process Data Input

I

Tensor Structure Definition
(sensor X time X run)

I

Baseline Selection

1

Standardization

1

Tensor Subspace Learning
(HOSVD / Tucker)

1
Tensor T2 Tensor Q)
(modeled structure) (residual variation)

!

Residual Localization

!

Contribution Decomposition

!

Human-readable Interpretation

i)
Result Export

Traditional SPC often terminates after identification of an out-of-control condition. Tensor SPC
extends monitoring into diagnostic stages intended to support investigation and decision making.

These additional stages include:

o residual localization,

16
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e sensor contribution decomposition,
e latent score interpretation,

e review prioritization,

e exportable reporting.

The result is a framework intended not only to detect unusual behavior, but also to support
understanding of its source and structure.
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Tensor Monitoring Fundamentals
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Residuals, Q Statistic, and Tensor
SPC Logic

This section demonstrates how Tucker-based modeling leads naturally to a monitoring statistic.

Main ideas:

e build a reference model from normal data
e reconstruct each new sample
e compute residual energy

« monitor Q/SPE over samples

4.1 Imports

1 import numpy as np
2 import matplotlib.pyplot as plt

4 try:

5 import tensorly as tl

6 from tensorly.decomposition import tucker

7 from tensorly.tucker_tensor import tucker_to_tensor
from tensorly.tenalg import mode_dot

9 TENSORLY_OK = True

10 except Exception as e:

11 TENSORLY_OK = False

12 print ("TensorLy is not available:", e)

4.2 Simulate normal-reference tensor data

We'll treat each sample as a small matrix of variables x time.

1 np.random.seed(123)
2
3 n_samples = 60

17
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4
12

n_vars
n_time

base_time = np.sin(np.linspace(0, 2*np.pi, n_time))
8 base_var = np.array([1.0, 0.9, 1.1, 1.05])

10 X_ref = np.zeros((n_samples, n_vars, n_time))
11 for i in range(n_samples):

12 amplitude = 1.0 + 0.05%np.random.randn()

13 noise = 0.08*np.random.randn(n_vars, n_time)

14 X_ref[i] = amplitude * np.outer(base_var, base_time) + noise
15

16 print("Reference tensor shape:", X_ref.shape)

4.3 Fit Tucker model to reference data

1 if TENSORLY_OK:

2 X_ref_tl = tl.tensor(X_ref, dtype=float)

3 rank = [3, 3, 3]

4 core_ref, factors_ref = tucker(X_ref_tl, rank=rank)

5 X_ref_hat = tucker_to_tensor((core_ref, factors_ref))

6 E_ref = np.array(X_ref_tl - X_ref_hat)

7 Q_ref = np.sum(E_ref**2, axis=(1, 2))

8 print ("Computed Q values for reference set.")
9 else:

10 print("Install TensorLy to run this section.")

4.4 Reference ) distribution and empirical limit

if TENSORLY_OK:

1

2 q_limit = np.percentile(Q_ref, 99)

B

4 print ("Reference Q mean:", Q_ref.mean())

5 print ("Reference Q std:", Q_ref.std())

6 print ("Empirical 99th percentile limit:", q_limit)

4.5 Plot reference Q values

1 if TENSORLY_OK:

2 plt.figure(figsize=(9, 4))

B plt.plot(Q_ref, marker='o')

A plt.axhline(q_limit, linestyle='--'")

5 plt.title("Reference-set Q statistics")
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4.6

plt.xlabel("Sample index")
plt.ylabel("Q statistic")
plt.show()

Create new test samples, including abnormal ones

X_test = np.zeros((20, n_vars, n_time))

amplitude = 1.0 + 0.05%np.random.randn()

1
2 for i in range(20):
3
4

noise = 0.08*np.random.randn(n_vars, n_time)
X_test[i] = amplitude * np.outer(base_var, base_time) + noise

5
6
7 # Inject abnormalities in the last few samples
8 X_test[15:, 2, 5:8] += 0.8

9 X_test[17:, 0, :]1 += 0.4

11 print("Test tensor shape:", X_test.shape)

4.7 Simple projection-based approximation using learned factors

For illustration, we project each test sample using the variable and time factors learned from the

reference model.

1
2
3
4
5

if TENSORLY_OK:

U_sample, U_var, U_time = [np.array(f) for f in factors_ref]

# Use wvariable and time factors only for per-sample reconstruction demonstration
Uv = U_var
Ut = U_time

def reconstruct_sample(sample, Uv, Ut):
# sample shape: (n_vars, n_time)
core = Uv.T @ sample @ Ut
recon = Uv @ core @ Ut.T
return recon

Q_test = []
X_test_hat = np.zeros_like(X_test)

for i in range(X_test.shape[0]):
recon = reconstruct_sample(X_test[i], Uv, Ut)
X_test_hat[i] = recon
resid = X_test[i] - recon
Q_test.append(np.sum(resid**2))

Q_test = np.array(Q_test)
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print ("Computed test Q values.")

4.8 Plot test Q statistics against the limit

1 if TENSORLY_OK:

2 plt.figure(figsize=(9, 4))

3 plt.plot(Q_test, marker='o')

A plt.axhline(q_limit, linestyle='--'")

5 plt.title("Test-set Q statistics")

6 plt.xlabel("Test sample index")

7 plt.ylabel("Q statistic")

8 plt.show()

10 flagged = np.where(Q_test > q_limit) [0]
11 print("Flagged sample indices:", flagged)

4.9 Compare one normal and one abnormal sample

1 if TENSORLY_OK:

2 normal_idx = 2

B abnormal_idx = 18

4

5 plt.figure(figsize=(8, 4))

6 plt.imshow(X_test[normal_idx], aspect='auto')
7 plt.colorbar()

8 plt.title(f"Normal-like sample {normal_idx}")
9 plt.xlabel("Time")

10 plt.ylabel("Variable")

11 plt.show()

12

13 plt.figure(figsize=(8, 4))

14 plt.imshow(X_test[abnormal_idx], aspect='auto')
15 plt.colorbar()

16 plt.title(f"Abnormal sample {abnormal_idx}")
17 plt.xlabel("Time")

18 plt.ylabel("Variable")

19 plt.show()

4.10 Interpretation
This is the core tensor-SPC logic:

1. Build a low-rank tensor model from normal data.
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2. Reconstruct new observations in that modeled subspace.
3. Compute the residual tensor.

4. Use its squared norm as a monitoring statistic.

That residual-energy statistic is the tensor analogue of classical SPE/Q.



Synthetic Process Data Tensor
Monitoring

This section creates a more process-style example where each sample is a part x feature x time
measurement object.

It is intended as a bridge toward the paper and future experimental work.

5.1 Imports

1 import numpy as np

2 import matplotlib.pyplot as plt

3

4 try:

5 import tensorly as tl

6 from tensorly.decomposition import tucker
7 from tensorly.tucker_tensor import tucker_to_tensor
8 TENSORLY_OK = True

9 except Exception as e:

10 TENSORLY_OK = False

11 print ("TensorLy is not available:", e)

5.2 Simulate process data

np.random. seed (2026)

1

2

3 n_lots = 40

1 n_features = 6
5 n_stages = 15
6

7

8

feature_profile = np.array([1.0, 0.7, 1.2, 0.9, 1.1, 0.8])
stage_profile = np.linspace(-1, 1, n_stages)

10 X = np.zeros((n_lots, n_features, n_stages))

11 for i in range(n_lots):
12 lot_shift = 0.12 * np.random.randn()

22
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trend_strength = 1.0 + 0.08 * np.random.randn()
structured = trend_strength * np.outer(feature_profile, stage_profile)
noise = 0.10 * np.random.randn(n_features, n_stages)

X[i]

S

tructured + lot_shift + noise

# add abnormal lots
X[34:, 4, 8:12] += 0.9

X[37:, 1

>

1]

-= 0.5

print ("Process tensor shape:", X.shape)

5.3 Fit a low-rank tensor model

if TENSORLY_OK:

X_tl

t

1.tensor(X, dtype=float)

rank = [4, 3, 3]

core
X_ha
E =
qQ =

else:

print ("Install TensorLy to run this section.")

>

t

fa

ctors = tucker(X_tl, rank=rank)
tucker_to_tensor((core, factors))

np.array(X_tl - X_hat)
np.sum(Ex*2, axis=(1, 2))
print ("Finished decomposition.")

5.4 Plot Q statistics

1 if TENSORLY_OK:

2 g_limit = np.percentile(Q[:30], 99)

3

4 plt.figure(figsize=(10, 4))

5 plt.plot(Q, marker='o')

6 plt.axhline(q_limit, linestyle='--"')

7 plt.title("Lot-wise Q statistic")

8 plt.xlabel("Lot index")

9 plt.ylabel("Q")
10 plt.show()
11

12 print ("Flagged lots:", np.where(Q > q_limit) [0])
5.5 Visualize a typical lot and an abnormal lot
1 good_idx = 5

2 bad_idx = 38
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plt.figure(figsize=(8, 4))
plt.imshow(X[good_idx], aspect='auto')
plt.colorbar()

plt.title(£f"Typical lot {good_idx}")
plt.xlabel("Stage")

9 plt.ylabel("Feature")
10 plt.show()

11

12 plt.figure(figsize=(8, 4))

13 plt.imshow(X[bad_idx], aspect='auto')
14 plt.colorbar()

15 plt.title(f"Abnormal lot {bad_idx}")
16 plt.xlabel("Stage")

17 plt.ylabel("Feature")

18 plt.show()

5.6 Residual localization

if TENSORLY_OK:

R_bad = X[bad_idx] - np.array(X_hat) [bad_idx]

1
2 R_good = X[good_idx] - np.array(X_hat) [good_idx]
3
4

5 plt
6 plt.
7 plt.
8 plt
9 plt
10 plt
11 plt.
12

13 plt
14 plt.
15 plt.
16 plt
17 plt
18 plt
19 plt.

.figure(figsize=(8, 4))

imshow(R_good, aspect='auto')
colorbar()

.title(f"Residual map for lot {good_idx}")
.xlabel("Stage")
.ylabel("Feature")

show ()

.figure(figsize=(8, 4))

imshow(R_bad, aspect='auto')
colorbar ()

.title(f"Residual map for lot {bad_idx}")
.xlabel("Stage")
.ylabel("Feature")

show ()

5.7 Interpretation in this context

This is the kind of workflow that can grow into a paper-quality experimental section:

o define tensorized process observations
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e estimate a normal low-rank tensor model
e monitor Q from the residual tensor

¢ localize unusual structure with residual heatmaps
From here, the framework can be extended toward:

o T2-style score monitoring
« EWMA/CUSUM on Q
o comparison with vectorized PCA/MSPC

¢ simulation studies for ARL and power



Tensor 72 Monitoring in Score Space

This chapter adds a T?-style monitoring statistic to the tensor SPC sequence.

Conceptually:

e Q / SPE monitors variation left outside the modeled tensor subspace.

o T2 monitors unusual behavior inside the modeled score space.
This chapter uses a practical approach:

1. simulate tensor-valued in-control data

2. fit a Tucker model

3. represent each sample in a lower-dimensional score space
4. compute a Hotelling-style T? statistic in that score space

5. compare T? and Q on new observations

6.1 Imports

1 import numpy as np

2 import matplotlib.pyplot as plt

3

4 try:

5 import tensorly as tl

6 from tensorly.decomposition import tucker

7 from tensorly.tucker_tensor import tucker_to_tensor
8 TENSORLY_OK = True

9 except Exception as e:
10 TENSORLY_OK = False
11 print ("TensorLy is not available:", e)

26
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6.2 Simulate in-control tensor samples

Each sample is a small matrix of variables x time. The full dataset is therefore a third-order
tensor of shape (samples, variables, time).

1 np.random.seed(321)
2

3 n_samples = 80

4 n_vars = 5

5 n_time = 15

7 base_time = np.sin(np.linspace(0, 2*np.pi, n_time))
8 base_var = np.array([1.0, 0.9, 1.1, 1.05, 0.95])

10 X_ref = np.zeros((n_samples, n_vars, n_time))
11 for i in range(n_samples):

12 amp = 1.0 + 0.06%*np.random.randn()

13 phase_shift = 0.08*np.random.randn()

14 shifted_time = np.sin(up.linspace(0, 2*np.pi, n_time) + phase_shift)

15 trend = 0.03*np.random.randn() * np.linspace(-1, 1, n_time)

16 noise = 0.08*np.random.randn(n_vars, n_time)

17 X_ref[i] = amp * np.outer(base_var, shifted_time) + np.outer(base_var, trend) +
noise

18

19 print("Reference tensor shape:", X_ref.shape)

6.3 Fit a Tucker model to the reference tensor

1 if TENSORLY_OK:

2 X_ref_tl = tl.tensor(X_ref, dtype=float)

3 rank = [4, 3, 3]

4 core_ref, factors_ref = tucker(X_ref_tl, rank=rank)

5 X_ref_hat = tucker_to_tensor((core_ref, factors_ref))
6
7

print("Core shape:", core_ref.shape)
8 for i, f in enumerate(factors_ref):
9 print(f"Factor {i} shape:", f.shape)
10 else:
11 print ("Install TensorLy to run this section.")

6.4 Build a score representation for each sample

A practical way to define tensor scores for monitoring is to use the Tucker factors from the variable
and time modes, project each sample into that lower-dimensional space, and flatten the resulting
low-dimensional core slice into a score vector.
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if TENSORLY_OK:
U_sample, U_var, U_time = [np.array(f) for f in factors_ref]

def sample_score_matrix(sample, U_var, U_time):
return U_var.T @ sample @ U_time

def sample_score_vector(sample, U_var, U_time):
G = sample_score_matrix(sample, U_var, U_time)
return G.reshape(-1)

score_vectors_ref = np.array([
sample_score_vector(X_ref[i], U_var, U_time) for i in range(n_samples)

D

print ("Reference score matrix shape:", score_vectors_ref.shape)

6.5 Estimate the score-space center and covariance

1
2
3
4

if TENSORLY_OK:
mu_scores = score_vectors_ref .mean(axis=0)
S_scores = np.cov(score_vectors_ref, rowvar=False)
ridge = le-6 * np.eye(S_scores.shape[0])
S_inv = np.linalg.inv(S_scores + ridge)

6.6 Define the T? statistic

1
2
3
4
5

6

7

if TENSORLY_OK:
def hotelling_ t2(score_vec, mu, S_inv):
d = score_vec - mu
return float(d.T @ S_inv @ d)

T2_ref = np.array([hotelling t2(s, mu_scores, S_inv) for s in score_vectors_ref])
print(T2_ref[:5])

6.7 Define the Q statistic for the same samples

For comparison, compute Q using the reconstruction residual.

1
2
3
4
5

if TENSORLY_OK:
def reconstruct_sample(sample, U_var, U_time):
G = U_var.T @ sample Q@ U_time
return U_var @ G @ U_time.T
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6 Q_ref = []

7 for i in range(n_samples):

8 recon = reconstruct_sample(X_ref[i], U_var, U_time)
9 resid = X_ref[i] - recon

10 Q_ref.append(np.sum(resid**2))

11 Q_ref = np.array(Q_ref)

6.8 Set empirical control limits

1 if TENSORLY_OK:

2 t2_limit = np.percentile(T2_ref, 99)

3 q_limit = np.percentile(Q_ref, 99)

4 print ("Empirical 99th percentile T? limit:", t2_limit)
5 print ("Empirical 99th percentile Q limit:", q_limit)

6.9 Create test samples with different types of abnormalities

We inject two broad types of changes:

1. modeled-pattern shift: changes that mostly affect the low-rank score space

2. localized patch anomaly: changes likely to appear more strongly in Q

1 X_test = np.zeros((25, n_vars, n_time))

2 for i in range(25):

3 amp = 1.0 + 0.06*np.random.randn()

4 phase_shift = 0.08*np.random.randn()

5 shifted_time = np.sin(np.linspace(0, 2*np.pi, n_time) + phase_shift)

6 trend = 0.03*np.random.randn() * np.linspace(-1, 1, n_time)

7 noise = 0.08*np.random.randn(n_vars, n_time)

8 X_test[i] = amp * np.outer(base_var, shifted_time) + np.outer(base_var, trend) +
noise

10 X_test[10:15] *= 1.35
11 X_test[18:, 3, 6:10] += 0.9
12 X_test[20:, 1, :] -= 0.35

6.10 Compute test T? and Q

1 if TENSORLY_OK:
2 T2_test = []
3 Q_test = []
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4
5 for i in range(X_test.shape[0]):

6 s = sample_score_vector(X_test[i], U_var, U_time)
7 T2_test.append(hotelling t2(s, mu_scores, S_inv))

8 recon = reconstruct_sample(X_test[i], U_var, U_time)
9 resid = X_test[i] - recon

10 Q_test.append(np.sum(resid**2))

11

12 T2_test = np.array(T2_test)

13 Q_test = np.array(Q_test)

6.11 Interpretation
Typical interpretation:

« High T2, normal-ish Q: the sample lies in the modeled subspace, but in an unusual region
of it.

o Normal-ish T2, high Q: the sample has structure outside the modeled subspace.

¢ Both high: the sample is unusual both within and outside the modeled structure.

This is why T? and Q are complementary rather than redundant.



Interpreting Tensor T? and Tensor @,
Contributions

Traditional multivariate SPC methods often provide a monitoring statistic indicating that a process
has deviated from expected behavior but provide limited insight regarding the source of deviation.
Tensor SPC provides complementary interpretation mechanisms that distinguish modeled process
behavior from unexplained residual behavior.

Tensor SPC employs two related but fundamentally different monitoring statistics:

e Tensor T2

e Tensor @

Tensor T?: Modeled Structure Monitoring

Tensor T2 measures variation occurring within the learned tensor subspace. Tensor T2 therefore
quantifies:

Distance from normal operation within the learned modeled structure.
Contribution decomposition for Tensor T2 should not be interpreted as identifying specific sensors.

Instead, Tensor T2 contributions indicate which latent score dimensions contributed most strongly
to unusual modeled behavior.

These latent dimensions represent learned combinations of:

e sensor relationships,
e temporal patterns,

e structured interactions across process variables.
Consequently, Tensor T2 contribution plots describe:

Which learned structural patterns became unusual.

33
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Tensor (): Residual Localization Monitoring

Tensor ) measures behavior not explained by the learned tensor model.

Q=X -X|%

Tensor ) may also be interpreted as:

Residual energy remaining outside the learned tensor subspace.

Unlike Tensor T2, Tensor @ contribution decomposition can be directly localized back to physical

process behavior. Tensor () identifies:

e sensor contributions,
e time-region contributions,

« sensor-time localization.
Tensor @ therefore answers:

Where unexplained behavior occurred.

Practical Interpretation

Statistic Interpretation Contribution Meaning
Tensor T2 Modeled variation Latent dimensions
Tensor ) Residual variation Physical sensor/time localization

Tensor T2 identifies whether the process has become unusual within expected operational relation-

ships, while Tensor () identifies where behavior exists outside those learned relationships. Together

these statistics provide both global process awareness and localized diagnostic capability.
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Tensor SPC vs Vectorized PCA
Baseline

This section compares two monitoring approaches on the same synthetic tensor-valued process data:

1. Tensor-based monitoring using Tucker-style low-rank structure

2. Vectorized PCA monitoring using a flattened representation of each sample

The goal is not to prove a universal winner, but to show how the methods behave differently under
controlled abnormalities.

7.1 Imports

1 import numpy as np
2 import matplotlib.pyplot as plt

4 try:

5 import tensorly as tl

6 from tensorly.decomposition import tucker

7 from tensorly.tucker_tensor import tucker_to_tensor

TENSORLY_OK = True
9 except Exception as e:
10 TENSORLY_OK = False
11 print ("TensorLy is not available:", e)

13 from sklearn.decomposition import PCA

7.2 Simulate structured in-control tensor data

Each sample is a small matrix of shape (variables, time). The full dataset is therefore a
third-order tensor:

e mode 0: sample

32
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e mode 1: variable

e mode 2: time

np.random. seed (2027)

1

2

3 n_ref = 100

4 n_test = 40

5 n_vars = 6

6 n_time = 20

7

8 base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])

9 time_axis = np.linspace(0, 2%np.pi, n_time)
10
11 def generate_normal_sample():

12 amp = 1.0 + 0.05%np.random.randn()

13 phase = 0.10*np.random.randn()

14 time_profile = np.sin(time_axis + phase) + 0.35%np.cos(2 * time_axis + 0.5 * phase
)

15 drift = 0.03 * np.random.randn() * np.linspace(-1, 1, n_time)

16 interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))

17 noise = 0.08 * np.random.randn(n_vars, n_time)

18 return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +
interaction + noise

19

20 X_ref = np.array([generate_normal_sample() for _ in range(n_ref)])

21 print("Reference tensor shape:", X_ref.shape)

7.3 Create test data with several fault types
We inject three broad categories of abnormalities:

o global score-space shift: coherent amplitude change
¢ localized patch anomaly: short region disturbance

« correlation/shape change: altered structure across time

X_test = np.array([generate_normal_sample() for _ in range(n_test)])

fault_labels = np.array(["normal"] * n_test, dtype=object)

N N

# Fault type 1: coherent global shift (likely to affect T° strongly)
5 for i in range(10, 18):

X_test[i] *= 1.30

fault_labels[i] = "global_shift"

ES I

9 # Fault type 2: localized patch anomaly (often shows up strongly in @)
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10
11
12

14
15
16
17
18
19
20
21
22

for i in range(18, 28):
X_test[i, 3, 7:12] += 0.9
fault_labels[i] = "patch_anomaly"

# Fault type 3: correlation / shape change
for i in range(28, 40):
altered = generate_normal_sample()
altered += 0.35 * np.outer(unp.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
X_test[i] = altered
fault_labels[i] = "shape_change"

unique, counts = np.unique(fault_labels, return_counts=True)
dict(zip(unique, counts))

7.4 Tensor monitoring model

We use a Tucker decomposition on the reference tensor and then define:

19

« a score-space T? statistic using low-dimensional score vectors

o a Q statistic using residual reconstruction energy

if TENSORLY_OK:
X_ref_tl = tl.tensor(X_ref, dtype=float)
rank = [5, 3, 3]
core_ref, factors_ref = tucker(X_ref_tl, rank=rank)

U_sample, U_var, U_time = [np.array(f) for f in factors_ref]

def tensor_score_vector(sample, U_var, U_time):
G = U_var.T @ sample @ U_time
return G.reshape(-1)

def tensor_reconstruct(sample, U_var, U_time):
G = U_var.T @ sample @ U_time
return U_var @ G @ U_time.T

tensor_scores_ref = np.array([
tensor_score_vector(X_ref[i], U_var, U_time) for i in range(n_ref)

D

mu_tensor = tensor_scores_ref.mean(axis=0)
S_tensor = np.cov(tensor_scores_ref, rowvar=False)
S_tensor_inv = np.linalg.inv(S_tensor + le-6 * np.eye(S_tensor.shape[0]))

def t2_stat(score_vec, mu, S_inv):
d = score_vec - mu
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26
27
28

42
43

return float(d.T @ S_inv @ d)

T2_tensor_ref = np.array([t2_stat(s, mu_tensor, S_tensor_inv) for s in

tensor_scores_ref])

Q_tensor_ref = []

for i in range(n_ref):
recon = tensor_reconstruct(X_ref[i], U_var, U_time)
resid = X_ref[i] - recon
Q_tensor_ref .append(np.sum(resid**2))

Q_tensor_ref = np.array(Q_tensor_ref)

t2_tensor_limit = np.percentile(T2_tensor_ref, 99)
q_tensor_limit = np.percentile(Q_tensor_ref, 99)

print("Tensor T2 limit:", t2_tensor_limit)
print("Tensor Q limit:", q_tensor_limit)

else:
print ("Install TensorLy to run this section.")

7.5 Vectorized PCA baseline

Here each tensor sample is flattened into one long vector. Then we fit PCA to the reference matrix.

We define:

e« PCA T? in the retained score space

« PCA Q/SPE from reconstruction residuals

X_ref_vec = X_ref.reshape(n_ref, -1)
X_test_vec = X_test.reshape(n_test, -1)

n_components = 8

pca = PCA(n_components=n_components)
scores_ref = pca.fit_transform(X_ref_vec)
scores_test = pca.transform(X_test_vec)

mu_pca = scores_ref.mean(axis=0)
S_pca = np.cov(scores_ref, rowvar=False)
S_pca_inv = np.linalg.inv(S_pca + le-6 * np.eye(S_pca.shape[0]))

def hotelling_t2(score_vec, mu, S_inv):
d = score_vec - mu
return float(d.T @ S_inv @ d)

T2_pca_ref = np.array([hotelling t2(s, mu_pca, S_pca_inv) for s in scores_ref])
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18

19 X_ref_vec_hat = pca.inverse_transform(scores_ref)

20 Q_pca_ref = np.sum((X_ref_vec - X_ref_vec_hat)**2, axis=1)

21

22 t2_pca_limit = np.percentile(T2_pca_ref, 99)

23 q_pca_limit = np.percentile(Q_pca_ref, 99)

24

25 print("PCA T? limit:", t2_pca_limit)

26 print("PCA Q limit:", g_pca_limit)

7.6 Apply both monitoring systems to the test set

if TENSORLY_OK:
T2_tensor_test = []
Q_tensor_test = []

for i in range(n_test):

s = tensor_score_vector(X_test[i], U_var, U_time)
T2_tensor_test.append(t2_stat(s, mu_tensor, S_tensor_inv))

recon = tensor_reconstruct(X_test[i], U_var, U_time)
resid = X_test[i] - recon
Q_tensor_test.append(np.sum(resid**2))

T2_tensor_test = np.array(T2_tensor_test)
Q_tensor_test = np.array(Q_tensor_test)

T2_pca_test = np.array([hotelling_t2(s, mu_pca, S_pca_inv) for s in scores_test])

X_test_vec_hat = pca.inverse_transform(scores_test)

Q_pca_test = np.sum((X_test_vec - X_test_vec_hat)**2, axis=1)

print ("Computed test statistics for both methods.")

7.7 Plot tensor statistics

if TENSORLY_OK:

plt
plt
plt
plt
plt
plt

plt.

plt

.figure(figsize=(10, 4))

.plot (T2_tensor_test, marker='o')
.axhline(t2_tensor_limit, linestyle='--')
.title("Tensor T2 on test data")
.xlabel("Test sample index")
.ylabel("Tensor T2")

show ()

.figure(figsize=(10, 4))
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11 plt.plot(Q_tensor_test, marker='o')

12 plt.axhline(q_tensor_limit, linestyle='--')
13 plt.title("Tensor Q on test data")

14 plt.xlabel("Test sample index")

15 plt.ylabel("Tensor Q")

16 plt.show()

7.8 Plot PCA baseline statistics

plt.figure(figsize=(10, 4))
plt.plot(T2_pca_test, marker='o")

plt.title("Vectorized PCA T2 on test data")
plt.xlabel("Test sample index")

6 plt.ylabel("PCA T?")

7 plt.show()

1
2
3 plt.axhline(t2_pca_limit, linestyle='--')
1
5

9 plt.figure(figsize=(10, 4))

10 plt.plot(Q_pca_test, marker='o')

11 plt.axhline(q_pca_limit, linestyle='--')
12 plt.title("Vectorized PCA Q on test data")
13 plt.xlabel("Test sample index")

14 plt.ylabel("PCA Q")

15 plt.show()

7.9 Flagged samples by method

results = {}
if TENSORLY_OK:

results["tensor_T2"] = np.where(T2_tensor_test > t2_tensor_limit) [0]
results["tensor_Q"] = np.where(Q_tensor_test > q_tensor_limit) [0]

5
6
7 results["pca_T2"] = np.where(T2_pca_test > t2_pca_limit) [0]
8 results["pca_Q"] = np.where(Q_pca_test > q_pca_limit) [0]

9

10 results

7.10 Detection summary by fault type

1 def summarize_detection(indices, fault_labels):
2 flagged = np.zeros(len(fault_labels), dtype=bool)
3 flagged[indices] = True
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4 summary = {}

5 for label in np.unique(fault_labels):

6 mask = fault_labels == label

7 summary [label] = {

8 "count": int(mask.sum()),

9 "flagged": int(flagged[mask].sum()),

10 "rate": float(flagged[mask].mean())

11 }

12 return summary

13

14 summary = {}

15 if TENSORLY_OK:

16 summary ["tensor_T2"] = summarize_detection(results["tensor_T2"], fault_labels)
17 summary ["tensor_Q"] = summarize_detection(results["tensor_Q"], fault_labels)
18

19 summary["pca_T2"] = summarize_detection(results["pca_T2"], fault_labels)

20 summary["pca_Q"] = summarize_detection(results["pca_Q"], fault_labels)

21

22  summary

7.11 Compare methods in scatter plots

15

19

21
22
23

24

if TENSORLY_OK:
plt.figure(figsize=(6, 5))
for label in np.unique(fault_labels):
mask = fault_labels == label
plt.scatter(T2_tensor_test[mask], Q_tensor_test[mask], label=label)
plt.axvline(t2_tensor_limit, linestyle='--')
plt.axhline(q_tensor_limit, linestyle='--')
plt.xlabel("Tensor T?")
plt.ylabel("Tensor Q")
plt.title("Tensor monitoring space")
plt.legend ()
plt.show()

plt.figure(figsize=(6, 5))
for label in np.unique(fault_labels):
mask = fault_labels == label
plt.scatter(T2_pca_test[mask], Q_pca_test[mask], label=label)
plt.axvline(t2_pca_limit, linestyle='--')
plt.axhline(q_pca_limit, linestyle='--')
plt.xlabel("PCA T?")
plt.ylabel("PCA Q")
plt.title("Vectorized PCA monitoring space")
plt.legend()
plt.show()
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7.12 Inspect a few example samples

1 example_indices = [5, 12, 22, 34]

2 example_titles = {

3 5: "Normal example",

4 12: "Global shift example",

5 22: "Patch anomaly example",

6 34: "Shape change example"

7}

8

9 for idx in example_indices:

10 plt.figure(figsize=(8, 4))

11 plt.imshow(X_test[idx], aspect='auto')
12 plt.colorbar()

13 plt.title(f"{example_titles[idx]} (index {idx})")
14 plt.xlabel("Time")

15 plt.ylabel("Variable")

16 plt.show()

7.13 Interpretation
What to look for:

e The tensor method may better preserve structured multiway relationships.
e The vectorized PCA baseline may still work well, especially for broad global faults.
 Localized or mode-specific changes may separate differently under tensor Q and tensor T2.

This section is useful because it gives you a fair baseline. For tensor SPC to contribute meaningfully,
it should show some advantage in structure-aware detection, interpretability, or robustness.

7.14 Ideas for extending this analysis
Strong next extensions include:

e repeat this over many Monte Carlo runs

o estimate average detection rates by fault type
e vary tensor rank and PCA component count
e compare false alarm behavior

o add EWMA /CUSUM versions of both methods
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¢ add residual heatmaps for localization

That extension would move the analysis from demonstration toward publishable simulation evidence.



Monte Carlo Comparison of Tensor
SPC and PCA

This section extends the earlier comparison notebook into a Monte Carlo simulation study.

Instead of looking at one example only, we repeat the experiment many times and summarize:

false alarm behavior

detection rates

fault-type-specific performance

average performance differences between methods

The goal is to move from demonstration toward simulation evidence.

8.1 Imports

1 import numpy as np

2 import pandas as pd

3 import matplotlib.pyplot as plt

4

5 try:

6 import tensorly as tl

7 from tensorly.decomposition import tucker
8 from tensorly.tucker_tensor import tucker_to_tensor
9 TENSORLY_OK = True

10 except Exception as e:

11 TENSORLY_OK = False

12 print ("TensorLy is not available:", e)

14 from sklearn.decomposition import PCA

8.2 Simulation design

We simulate:

41
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a reference in-control tensor dataset
a test set containing normal samples and several fault types
tensor monitoring statistics: T2 and Q

vectorized PCA monitoring statistics: T? and Q

Then we repeat the process across many Monte Carlo trials.

1
2
3
4
5

15
16
17

18

N_RUNS = 50

n_ref = 80
n_test_normal = 20
n_test_per_fault = 12

n_vars

6

n_time = 20

tensor_rank = [5, 3, 3]
pca_components = 8

alpha_percentile = 99

base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
time_axis = np.linspace(0, 2*np.pi, n_time)

print ("Monte Carlo runs:", N_RUNS)

8.3

o 3 O ot

10
11
12
13
14

15

def

def

def

Data generation functions

generate_normal_sample(rng) :

amp = 1.0 + 0.05 * rng.standard_normal()

phase = 0.10 * rng.standard_normal ()

time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *
phase)

drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)

interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))
noise = 0.08 * rng.standard_normal((n_vars, n_time))

return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +
interaction + noise

inject_global_shift (sample):
return 1.30 * sample

inject_patch_anomaly(sample) :
x = sample.copy()
x[3, 7:12] += 0.9
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16
17
18

20
21

def

8.4

9

10

11

12
13
14
15
16
17
18
19

def

def

def

return x

inject_shape_change (sample) :

x = sample.copy()

x += 0.35 * np.outer(np.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
return x

Monitoring helper functions

hotelling_t2(score_vec, mu, S_inv):
d = score_vec - mu
return float(d.T @ S_inv @ d)

summarize_rate(flags):
flags = np.asarray(flags, dtype=float)
return {
"mean": float(flags.mean()),
"std": float(flags.std(ddof=1)) if len(flags) > 1 else 0.0

One Monte Carlo run

run_one_simulation(seed):
rng = np.random.default_rng(seed)

# Reference data
X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])

# Test data by fault type

X_test_normal = np.array([generate_normal_sample(rng) for _ in range(n_test_normal
1)

X_test_global = np.array([inject_global_shift(generate_normal_sample(rng)) for _
in range(n_test_per_fault)])

X_test_patch = np.array([inject_patch_anomaly(generate_normal_sample(rng)) for _
in range(n_test_per_fault)])

X_test_shape = np.array([inject_shape_change(generate_normal_sample(rng)) for _ in
range(n_test_per_fault)])

tensor_results = None
if TENSORLY_OK:
X_ref_tl = tl.tensor(X_ref, dtype=float)
core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)
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20 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]

21

22 def tensor_score_vector(sample):

23 G = U_var.T @ sample @ U_time

24 return G.reshape(-1)

25

26 def tensor_reconstruct(sample):

27 G = U_var.T Q@ sample @ U_time

28 return U var @ G @ U_time.T

29

30 tensor_scores_ref = np.array([tensor_score_vector(X_ref[i]) for i in range(
n_ref)])

31 mu_tensor = tensor_scores_ref.mean(axis=0)

32 S_tensor = np.cov(tensor_scores_ref, rowvar=False)

33 S_tensor_inv = np.linalg.inv(S_tensor + le-6 * np.eye(S_tensor.shape[0]))

34

35 T2_tensor_ref = np.array([hotelling t2(s, mu_tensor, S_tensor_inv) for s in
tensor_scores_ref])

36 Q_tensor_ref = np.array([

37 np.sum((X_ref[i] - tensor_reconstruct(X_ref[i]))**2) for i in range(n_ref)

38 D

39

40 t2_tensor_limit = np.percentile(T2_tensor_ref, alpha_percentile)

41 q_tensor_limit = np.percentile(Q_tensor_ref, alpha_percentile)

42

43 def tensor_flags(X_test):

44 scores = np.array([tensor_score_vector(x) for x in X_test])

45 T2 = np.array([hotelling_t2(s, mu_tensor, S_tensor_inv) for s in scores])

46 Q = np.array([np.sum((x - tensor_reconstruct(x))**2) for x in X_test])

47 return {

48 "T2": T2 > t2_tensor_limit,

49 "Q": Q > g_tensor_limit

50 }

51

52 tensor_results = {

53 "normal": tensor_flags(X_test_normal),

54 "global_shift": tensor_flags(X_test_global),

55 "patch_anomaly": tensor_flags(X_test_patch),

56 "shape_change": tensor_flags(X_test_shape)

57 }

58

59 T e

60 # PCA baseline

61 T i

62 X_ref_vec = X_ref.reshape(n_ref, -1)

63 pca = PCA(n_components=pca_components)

64 scores_ref = pca.fit_transform(X_ref_vec)

65

66 mu_pca = scores_ref.mean(axis=0)

67 S_pca = np.cov(scores_ref, rowvar=False)
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45

68
69

S_pca_inv = np.linalg.inv(S_pca + le-6 * np.eye(S_pca.shape[0]))

T2_pca_ref = np.array([hotelling t2(s, mu_pca, S_pca_inv) for s in scores_ref])
X_ref_hat = pca.inverse_transform(scores_ref)
Q_pca_ref = np.sum((X_ref_vec - X_ref_hat)#**2, axis=1)

t2_pca_limit = np.percentile(T2_pca_ref, alpha_percentile)
g_pca_limit = np.percentile(Q_pca_ref, alpha_percentile)

def pca_flags(X_test):
Xv = X_test.reshape(X_test.shape[0], -1)
scores = pca.transform(Xv)
T2 = np.array([hotelling t2(s, mu_pca, S_pca_inv) for s in scores])
Xhat = pca.inverse_transform(scores)
Q = np.sum((Xv - Xhat)**2, axis=1)
return {
"T2": T2 > t2_pca_limit,
"Q": Q > g_pca_limit

pca_results = {
"normal": pca_flags(X_test_normal),
"global_shift": pca_flags(X_test_global),
"patch_anomaly": pca_flags(X_test_patch),
"shape_change": pca_flags(X_test_shape)

return tensor_results, pca_results

8.6 Run the Monte Carlo study

records = []

for run in range(N_RUNS):
tensor_results, pca_results = run_one_simulation(seed=1000 + run)

fault_types = ["normal", "global_shift", "patch_anomaly", "shape_change"]

if tensor_results is not None:
for fault in fault_types:
for stat in ["T2", "Q"]:
records.append ({

n n

run": run,

"method": "tensor",

"statistic": stat,

"fault_type": fault,

"flag rate": float(np.mean(tensor_results[fault] [stat]))

b
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18

19 for fault in fault_types:

20 for stat in ["T2", "Q"]:

21 records.append ({

22 "run": run,

23 "method": "pca",

24 "statistic": stat,
25 "fault_type": fault,
26 "flag _rate": float(np.mean(pca_results[fault] [stat]))
27 b

28

29 results_df = pd.DataFrame(records)
30 results_df.head()

8.7 Aggregate results

summary_df = (

1

2 results_df

3 .groupby (["method", "statistic", "fault_type"]) ["flag_rate"]
4 .agg(["mean", "std"])

5 .reset_index()

6 )

7

8 summary_df

8.8 Separate false alarm and detection summaries

1 false_alarm_df = summary_df [summary_df ["fault_type"] == "normal"].copy()
2 detection_df = summary_df [summary_df ["fault_type"] != "normal"].copy()

3

4 print("False alarm summary:")

display(false_alarm_df)

print ("\nDetection summary:")
display(detection_df)

8.9 Plot false alarm rates

plot_df = false_alarm_df.copy()
labels = plot_df["method"] + "_" + plot_df["statistic"]

plt.figure(figsize=(8, 4))
plt.bar(labels, plot_df["mean"], yerr=plot_df["std"], capsize=5)
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6 plt.ylabel("Average false alarm rate")
7 plt.title("Monte Carlo false alarm comparison")
8 plt.show()

8.10 Plot detection rates by fault type

1 faults = ["global_shift", "patch_anomaly", "shape_change"]

2

3 for fault in faults:

4 sub = detection_df [detection_df["fault_type"] == fault].copy(
5 labels = sub["method"] + "_" + sub["statistic"]

6

7 plt.figure(figsize=(8, 4))

8 plt.bar(labels, sub["mean"], yerr=sub["std"], capsize=5)
9 plt.ylim(0, 1.05)

10 plt.ylabel("Average detection rate")

11 plt.title(f"Detection rate comparison - {faultl}")

12 plt.show()

8.11 Pivot tables for easier comparison

pivot_mean = summary_df.pivot_table(

1

2 index="fault_type",

3 columns=["method", "statistic"],
4 values="mean"

5 )

6

7 pivot_std = summary_df.pivot_table(
8 index="fault_type",

9 columns=["method", "statistic"],
10 values="std"

m )

12

13 print("Mean flag rates:")
14 display(pivot_mean)

16 print("\nStandard deviations:")
17 display(pivot_std)

8.12 A compact method ranking view

1 rank_view = summary_df.copy()
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2 rank_view["metric_type"] = np.where(rank_view["fault_type"] == "normal", "false_alarm",
"detection")

3 rank_view

8.13 Interpretation guide

Typical reading of the results:

e For normal data, lower flag rates are better.

e For fault data, higher flag rates are better.

o Tensor T? may respond strongly to coherent structured changes.

e Tensor Q may respond strongly to localized out-of-subspace faults.

« PCA T?2/Q provide the fair vectorized baseline.

The point is not that one method must win everywhere. The useful result is seeing which statistic
is sensitive to which fault type.

8.14 Extensions for a stronger research study

Strong next extensions include:

e increase N_RUNS

e vary tensor rank and PCA components systematically

e estimate confidence intervals for mean detection rates

o add EWMA /CUSUM versions of T? and Q

o add detection-delay experiments instead of one-shot detection
e compare additional fault magnitudes

o store all results to CSV for later reporting

8.15 Optional export

# Uncomment to save summaries
# summary_df.to_csv("monte_carlo_summary.csv", indezr=False)
# results_df.to_csv("monte_carlo_all_runs.csv", index=False)

TURs W N =

print ("Export section ready.")



ARL and Detection Delay: Tensor
SPC vs PCA

This section shifts from one-shot detection to sequential monitoring.

It estimates:

o ARLO (in-control average run length): average number of samples until a false alarm

¢ Detection delay: average number of post-change samples until alarm after a fault occurs
We compare:

Tensor T2

Tensor Q

Vectorized PCA T2

Vectorized PCA Q

This is much closer to classical SPC evaluation logic.

9.1 Imports

import numpy as np
import pandas as pd
import matplotlib.pyplot as plt

try:
import tensorly as tl
from tensorly.decomposition import tucker
TENSORLY_OK = True
except Exception as e:
TENSORLY_OK = False
print ("TensorLy is not available:", e)

0O N O U = W N =

e e
W N = O ©

from sklearn.decomposition import PCA

49
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9.2 Simulation settings

1 N_RUNS = 40

2

3 # Reference data used to fit each monitoring model
4 n_ref = 100

5

6 # Sequential monitoring horizon

7 max_run_length = 300

9 # Change point for out-of-control sequences
10 change_point = 100
1

12 n_vars = 6
13 n_time = 20
14

15 tensor_rank = [5, 3, 3]

16 pca_components = 8

17 alpha_percentile = 99

18

19 base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
20 time_axis = np.linspace(0, 2*np.pi, n_time)

21

22 print("Runs:", N_RUNS)

23 print("Change point:", change_point)

24 print("Monitoring horizon:", max_run_length)

9.3 Data generation

1 def generate_normal_sample(rng) :

2 amp = 1.0 + 0.05 * rng.standard_normal()

3 phase = 0.10 * rng.standard_normal()

4 time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *
phase)

5 drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)

6 interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))

7 noise = 0.08 * rng.standard_normal ((n_vars, n_time))

8 return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +

interaction + noise

10 def inject_global_shift(sample):
11 return 1.25 * sample

12

13 def inject_patch_anomaly(sample):
14 x = sample.copy()

15 x[3, 7:12] += 0.9

16 return x
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17

18 def inject_shape_change (sample):

19 x = sample.copy()

20 x += 0.35 * np.outer(np.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
21 return x

9.4 Monitoring model fitting

1 def hotelling t2(score_vec, mu, S_inv):
2 d = score_vec - mu

3 return float(d.T @ S_inv @ d)

4

5 def fit_monitoring_models(X_ref):
6 models = {}
7
8

# PCA baseline
9 X_ref_vec = X_ref.reshape(X_ref.shape[0], -1)
10 pca = PCA(n_components=pca_components)
11 scores_ref = pca.fit_transform(X_ref_vec)

12

13 mu_pca = scores_ref.mean(axis=0)

14 S_pca = np.cov(scores_ref, rowvar=False)

15 S_pca_inv = np.linalg.inv(S_pca + 1le-6 * np.eye(S_pca.shape[0]))
16

17 T2_pca_ref = np.array([hotelling t2(s, mu_pca, S_pca_inv) for s in scores_ref])
18 X_ref_hat = pca.inverse_transform(scores_ref)

19 Q_pca_ref = np.sum((X_ref_vec - X_ref_hat)*x2, axis=1)

20

21 models["pca"]l = {

22 "pca": pca,

23 "mu": mu_pca,

24 "S_inv": S_pca_inv,

25 "t2_limit": np.percentile(T2_pca_ref, alpha_percentile),

26 "q_limit": np.percentile(Q_pca_ref, alpha_percentile)

27 }

28

29 # Tensor monitoring

30 if TENSORLY_OK:

31 X_ref_tl = tl.tensor(X_ref, dtype=float)

32 core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)
33 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]
34

35 def tensor_score_vector(sample):

36 G = U_var.T Q@ sample @ U_time

37 return G.reshape(-1)

38

39 def tensor_reconstruct(sample):

40 G = U_var.T @ sample @ U_time
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41 return U var @ G @ U_time.T

42

43 tensor_scores_ref = np.array([tensor_score_vector(X_ref[i]) for i in range(
X_ref.shape[0])])

44 mu_tensor = tensor_scores_ref.mean(axis=0)

45 S_tensor = np.cov(tensor_scores_ref, rowvar=False)

46 S_tensor_inv = np.linalg.inv(S_tensor + le-6 * np.eye(S_tensor.shape[0]))

47

48 T2_tensor_ref = np.array([hotelling t2(s, mu_tensor, S_tensor_inv) for s in
tensor_scores_ref])

49 Q_tensor_ref = np.array([

50 np.sum((X_ref[i] - tensor_reconstruct(X_ref[i]))**2) for i in range(X_ref.
shape [0])

51 D

52

53 models["tensor"] = {

54 "U_var": U_var,

55 "U_time": U_time,

56 "mu": mu_tensor,

57 "S_inv": S_tensor_inv,

58 "t2_limit": np.percentile(T2_tensor_ref, alpha_percentile),

59 "q_limit": np.percentile(Q_tensor_ref, alpha_percentile)

60 }

61

62 return models

9.5 Online statistics for one sample

1 def compute_pca_stats(sample, model):

2 x_vec = sample.reshape(l, -1)

3 score = model["pca"].transform(x_vec) [0]

4 t2 = hotelling_t2(score, model["mu"], model["S_inv"])

5 x_hat = model["pca"].inverse_transform(score.reshape(l, -1)) [0]
6 q = float(np.sum((x_vec[0] - x_hat)**2))

7 return t2, q

8

9 def compute_tensor_stats(sample, model):

10 U_var = model["U_var"]

11 U_time = model["U_time"]

12 G = U_var.T @ sample @ U_time

13 score = G.reshape(-1)

14 t2 = hotelling_t2(score, model["mu"], model["S_inv"])
15 recon = U_var @ G @ U_time.T

16 q = float(up.sum((sample - recon)**2))

17 return t2, g
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9.6

1 def
2

3

4

5

6

7 def
8

9

10
11

9.7

15
16

17

18

19
20
21
22
23
24
25
26
27
28
29

def

Run-length logic

first_alarm_time(sequence_stats, limit):
alarms = np.where(sequence_stats > limit) [0]
if len(alarms) ==
return None
return int(alarms[0] + 1) # 1-based time index

detection_delay(sequence_stats, limit, change_point):
post = np.where(sequence_stats[change_point:] > limit) [0]
if len(post) ==

return None
return int(post[0] + 1) # delay after the change point

Simulate one in-control run for ARLO

simulate_in_control_run(seed):

rng = np.random.default_rng(seed)

X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])
models = fit_monitoring_models(X_ref)

results = {}

# PCA
pca_t2 = []
pca_q = [

for _ in range(max_run_length):
X = generate_normal_sample(rng)
t2, q = compute_pca_stats(x, models["pca"])
pca_t2.append (t2)
pca_q.append(q)

results["pca_T2_run_length"] = first_alarm_time(np.array(pca_t2), models["pca"]["
t2_1imit"])

results["pca_Q_run_length"] = first_alarm_time(np.array(pca_q), models["pca"]["
q_limit"])

# Tensor
if "tensor" in models:
tensor_t2 = []
tensor_q = []
for _ in range(max_run_length):
X = generate_normal_sample(rng)
t2, q = compute_tensor_stats(x, models["tensor"])
tensor_t2.append(t2)
tensor_q.append(q)

53
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30 results["tensor_T2_run_length"] = first_alarm_time(np.array(tensor_t2), models
["tensor"]["t2_1limit"])

31 results["tensor_(Q_run_length"] = first_alarm_time(np.array(tensor_q), models["
tensor"]["q_limit"])

32

33 return results

9.8 Simulate one out-of-control run for detection delay

| def simulate_out_of_control_run(seed, fault_type):

2 rng = np.random.default_rng(seed)

B X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])

4 models = fit_monitoring_models(X_ref)

5

6 def apply_fault(x):

7 if fault_type == "global_shift":

8 return inject_global_shift(x)

9 elif fault_type == "patch_anomaly":

10 return inject_patch_anomaly (x)

11 elif fault_type == "shape_change":

12 return inject_shape_change (x)

13 else:

14 raise ValueError("Unknown fault type")

15

16 results = {}

17

18 # PCA

19 pca_t2 = []

20 pca_q = []

21 for t in range(max_run_length):

22 X = generate_normal_sample(rng)

23 if t >= change_point:

24 x = apply_fault(x)

25 t2, q = compute_pca_stats(x, models["pca"])

26 pca_t2.append(t2)

27 pca_q.append(q)

28

29 results["pca_T2_delay"] = detection_delay(np.array(pca_t2), models["pca"]["
t2_limit"], change_point)

30 results["pca_Q_delay"] = detection_delay(np.array(pca_q), models["pca"]["q limit"],
change_point)

31

32 # Tensor

33 if "tensor" in models:

34 tensor_t2 = []

35 tensor_q = []

36 for t in range(max_run_length):

37 X = generate_normal_sample(rng)
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38
39
40
41
42
43
44

45

46
47

9.9

if t >= change_point:

apply_fault(x)

t2, q = compute_tensor_stats(x, models["tensor"])
tensor_t2.append(t2)

tensor_q.append(q)

X

results["tensor_T2_delay"] = detection_delay(np.array(tensor_t2), models["
tensor"]["t2_1limit"], change_point)

results["tensor_(Q_delay"] = detection_delay(np.array(tensor_q), models["tensor
"1["g_limit"], change_point)

return results

Estimate ARLO

arl_records = []

res = simulate_in_control_run(seed=2000 + run)

1
2
3 for run in range(N_RUNS):
4

for key, value in res.items():
arl_records.append ({

n n

run": run,
"method_stat": key.replace("_run_length", ""),
"run_length": max_run_length if value is None else value

b

12 arl_df = pd.DataFrame(arl_records)

13 arl_summary = arl_df.groupby("method_stat") ["run_length"].agg(["mean", "std"]).

reset_index()

5 print("Estimated ARLO summary:")

16 display(arl_summary)

9.10

1 plt.

2 plt

plt
plt

(S SNV

9.11

plt.

Plot ARLO

figure(figsize=(8, 4))

.bar(arl_summary["method_stat"], arl_summary["mean"], yerr=arl_summary["std"],

capsize=5)

.ylabel("Estimated ARLO")
.title("In-control average run length comparison")

show ()

Estimate detection delay for each fault type
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1
2
3
4
5
6
7
8

9
10
11
12
13
14
15
16

17
18
19

fault_types = ["global_shift", "patch_anomaly", "shape_change"]
delay_records = []

for fault in fault_types:
for run in range(N_RUNS):
res = simulate_out_of_control_run(seed=5000 + 100*run, fault_type=fault)
for key, value in res.items():
delay_records.append ({
"fault_type": fault,
"run": run,
"method_stat": key.replace("_delay", ""),
"delay": (max_run_length - change_point) if value is None else value

)

delay_df = pd.DataFrame(delay_records)
delay_summary = delay_df.groupby(["fault_type", "method_stat"]) ["delay"].agg(["mean",
"std"]) .reset_index()

print("Detection-delay summary:")
display(delay_summary)

9.12 Plot detection delay by fault type

for fault in fault_types:
sub = delay_summary[delay_summary["fault_type"] == fault]

plt.figure(figsize=(8, 4))

plt.bar(sub["method_stat"], sub["mean"], yerr=sub["std"], capsize=5)
plt.ylabel("Average detection delay")

plt.title(f"Detection delay comparison - {faultl}")

plt.show()

9.13 Pivot tables

1
2

4

o I O

arl_pivot = arl_summary.set_index("method_stat")
delay_pivot = delay_summary.pivot_table(index="fault_type", columns="method_stat",
values="mean"

print ("ARLO pivot:")
display(arl_pivot)

print ("\nDetection delay pivot:")
display(delay_pivot)
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9.14 Example sequential run visualization

18

21

35
36
37
38
39
40
41
42
43
44

46
47

example_seed = 9999
example_fault = "patch_anomaly"

rng = np.random.default_rng(example_seed)

X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])

models = fit_monitoring_models(X_ref)

def

apply_fault(x, fault_type):

if fault_type == "global_shift":
return inject_global_shift(x)
elif fault_type == "patch_anomaly":
return inject_patch_anomaly (x)
elif fault_type == "shape_change":
return inject_shape_change (x)
else:
return x

pca_t2_seq, pca_q_seq = [1, [
tensor_t2_seq, tensor_q_seq = [], []

for

plt.
.plot(pca_t2_seq, label="PCA T?")
plt.
plt.
.title(f"Example sequential run - PCA T? ({example_fault})")
.xlabel("Time index")

.ylabel("Statistic")

.legend ()

plt

plt
plt
plt
plt

plt.

plt.

plt

t in range(max_run_length):
X = generate_normal_sample(rng)
if t >= change_point:
x = apply_fault(x, example_fault)

t2_pca, q_pca = compute_pca_stats(x, models["pca"])
pca_t2_seq.append(t2_pca)
pca_q_seq.append(q_pca)
if "tensor" in models:
t2_tensor, q_tensor = compute_tensor_stats(x, models["tensor"])
tensor_t2_seq.append(t2_tensor)
tensor_q_seq.append(q_tensor)

figure(figsize=(10, 4))

axhline(models["pca"]["t2_limit"], linestyle='--')
axvline(change_point, linestyle=':')

show ()

figure(figsize=(10, 4))

.plot(pca_q_seq, label="PCA Q")
plt.

axhline(models["pca"]["q_limit"], linestyle='--')
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48 plt.axvline(change_point, linestyle=':')

49 plt.title(f"Example sequential run - PCA Q ({example_fault})")
50 plt.xlabel("Time index")

51 plt.ylabel("Statistic")

52 plt.legend()

53 plt.show()

54

55 if "tensor" in models:

56 plt.figure(figsize=(10, 4))

57 plt.plot(tensor_t2_seq, label="Tensor T2")

58 plt.axhline(models["tensor"] ["t2_limit"], linestyle='--')

59 plt.axvline(change_point, linestyle=':'")

60 plt.title(f"Example sequential run - Tensor T? ({example_fault})")
61 plt.xlabel("Time index")

62 plt.ylabel("Statistic")

63 plt.legend()

64 plt.show()

65

66 plt.figure(figsize=(10, 4))

67 plt.plot(tensor_q_seq, label="Tensor Q")

68 plt.axhline(models["tensor"] ["q_limit"], linestyle='--')

69 plt.axvline(change_point, linestyle=':')

70 plt.title(f"Example sequential run - Tensor Q ({example_fault})")
71 plt.xlabel("Time index")

72 plt.ylabel("Statistic")

73 plt.legend()

74 plt.show()

9.15 Interpretation

How to read the results:

o Higher ARLO means fewer false alarms in the in-control state.
e« Lower detection delay means faster detection after a change occurs.

e A method may have a strong tradeoff: good ARLO but slower detection, or fast detection but
more false alarms.

o Different statistics may be sensitive to different fault structures:
o coherent global changes may hit T2 harder
¢ localized unmodeled changes may hit Q harder

This is why ARL and delay are both important. A statistic that detects well in one-shot tests may
still be poor sequentially.
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9.16 Extensions

Good next extensions include:

o calibrate limits to target a common ARLO across methods
o add EWMA /CUSUM versions

o vary fault magnitude and change-point location

e compute detection probability within a fixed delay window

o export all run-level results for reporting

9.17 Optional export

1
2
3
4

# arl_df.to_csv("arl_run_lengths.csv", index=False)
# delay_df.to_csv("detection_delays.csv”, indez=False)

print ("Export section ready.")



Calibrating Limits to a Common
Target ARLO

This section makes the comparison between monitoring methods more fair by calibrating their
control limits to the same target in-control average run length (ARLO).

Why this matters:

o If one method uses a much looser limit, it may look better only because it alarms less often.
o If another method uses a tighter limit, it may detect faster only because it has more false
alarms.

A better comparison is:

1. choose a target ARLO
2. calibrate each method/statistic to approximately achieve that ARLO

3. compare detection delay and detection probability under faults

10.1 Imports

1 import numpy as np

2 import pandas as pd

3 import matplotlib.pyplot as plt
4

ot

try:

6 import tensorly as tl

7 from tensorly.decomposition import tucker
TENSORLY_OK = True

except Exception as e:

10 TENSORLY_OK = False
11 print("TensorLy is not available:", e)
12

13 from sklearn.decomposition import PCA

60
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61

10.2 Simulation settings

10
11
12

14
15
16
17
18
19
20

N_RUNS = 30

n_ref = 100
max_run_length = 400
change_point = 120

n_vars

6

n_time = 20

tensor_rank = [5, 3, 3]
pca_components = 8

target_arl0 = 200
calibration_sequences = 80

base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
time_axis = np.linspace(0, 2*np.pi, n_time)

print("Target ARLO:", target_arlO)
print("Calibration sequences per method:", calibration_sequences)

10.3 Data generation

9
10
11
12
13
14
15
16
17
18
19
20

def

def

def

def

generate_normal_sample(rng) :

amp = 1.0 + 0.05 * rng.standard_normal()

phase = 0.10 * rng.standard_normal()

time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *
phase)

drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)

interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))
noise = 0.08 * rng.standard_normal ((n_vars, n_time))

return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +
interaction + noise

inject_global_shift (sample):
return 1.25 * sample

inject_patch_anomaly(sample):
x = sample.copy()

x[3, 7:12] += 0.9

return x

inject_shape_change (sample) :
x = sample.copy()
x += 0.35 * np.outer(up.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
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21 return x

10.4 Model fitting

1 def hotelling_t2(score_vec, mu, S_inv):

2 d = score_vec - mu

3 return float(d.T @ S_inv @ d)

4

5 def fit_models(X_ref):

6 models = {}

7

8 # PCA

9 X_ref_vec = X_ref.reshape(X_ref.shape[0], -1)

10 pca = PCA(n_components=pca_components)

11 scores_ref = pca.fit_transform(X_ref_vec)

12 mu_pca = scores_ref.mean(axis=0)

13 S_pca = np.cov(scores_ref, rowvar=False)

14 S_pca_inv = np.linalg.inv(S_pca + le-6 * np.eye(S_pca.shape[0]))
15

16 models["pca"]l = {

17 "pca": pca,

18 "mu": mu_pca,

19 "S_inv": S_pca_inv

20 }

21

22 # Tensor

23 if TENSORLY_OK:

24 X_ref_tl = tl.tensor(X_ref, dtype=float)

25 core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)
26 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]
27

28 tensor_scores_ref = np.array([

29 (U_var.T @ X_ref[i] @ U_time) .reshape(-1) for i in range(X_ref.shape[0])
30 D

31 mu_tensor = tensor_scores_ref.mean(axis=0)

32 S_tensor = np.cov(tensor_scores_ref, rowvar=False)

33 S_tensor_inv = np.linalg.inv(S_tensor + le-6 * np.eye(S_tensor.shape[0]))
34

35 models["tensor"] = {

36 "U_var": U_var,

37 "U_time": U_time,

38 "mu": mu_tensor,

39 "S_inv": S_tensor_inv

40 }

41

42 return models
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10.5 Statistic functions

10
11
12

14
15
16
17

def

def

10.6

10
11
12
13
14

16
17
18
19
20
21
22
23
24

def

def

def

pca_stats(sample, model):

x_vec = sample.reshape(l, -1)

score = model["pca"].transform(x_vec) [0]

t2 = hotelling_t2(score, model["mu"], model["S_inv"])

x_hat = model["pca"].inverse_transform(score.reshape(1l, -1)) [0]
q = float(np.sum((x_vec[0] - x_hat)**2))

return t2, q

tensor_stats(sample, model):

U_var = model["U_var"]

U_time = model["U_time"]

G = U_var.T @ sample @ U_time

score = G.reshape(-1)

t2 = hotelling_t2(score, model["mu"], model["S_inv"])
recon = U_var @ G @ U_time.T

q = float(up.sum((sample - recon)**2))

return t2, q

Run-length utilities

first_alarm_time(sequence_stats, limit):
alarms = np.where(sequence_stats > limit) [0]
if len(alarms) ==

return max_run_length
return int(alarms[0] + 1)

estimate_arlO_from_limit(generate_stats_fn, limit, n_sequences, rng):
run_lengths = []
for _ in range(n_sequences):
stats = generate_stats_fn(rng)
rl = first_alarm_time(stats, limit)
run_lengths.append(rl)
return float(np.mean(run_lengths)), np.array(run_lengths)

calibrate_limit_by_quantile(generate_stats_fn, candidate_quantiles, n_sequences,
rng):

best = None

results = []

# Use one pool of calibration sequences for stable comparison
precomputed = [generate_stats_fn(rng) for _ in range(n_sequences)]

for q in candidate_quantiles:
# build limit from pooled im—control stats
pooled = np.concatenate(precomputed)
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25 limit = np.quantile(pooled, q)

26

27 run_lengths = np.array([first_alarm_time(seq, limit) for seq in precomputed])
28 arl0 = float(np.mean(run_lengths))

29

30 results.append((q, limit, arlQ))

31

32 if best is None or abs(arlO - target_arl0) < abs(best[2] - target_arl0):

33 best = (g, limit, arlO)

34

35

return best, pd.DataFrame(results, columns=["quantile", "limit", "arl0"])

10.7 Build one fitted monitoring system and calibrate limits

ot

BN

10
11
12
13
14

16
17
18
19
20
21
22
23
24
25
26
27
28
29

30

31

def calibrate_one_system(seed) :
rng = np.random.default_rng(seed)

X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])
models = fit_models(X_ref)

systems = {}

# Candidate quantiles for limit calibration
candidate_quantiles = np.linspace(0.95, 0.9995, 40)

# PCA generators
def pca_t2_sequence(inner_rng):
vals = []
for _ in range(max_run_length):
X = generate_normal_sample(inner_rng)
t2, q = pca_stats(x, models["pca"])
vals.append (t2)
return np.array(vals)

def pca_q_sequence(inner_rng):
vals = []
for _ in range(max_run_length):
X = generate_normal_sample(inner_rng)
t2, q = pca_stats(x, models["pca"])
vals.append(q)
return np.array(vals)

best_t2, df_t2 = calibrate_limit_by_quantile(pca_t2_sequence, candidate_quantiles,
calibration_sequences, rng)

best_q, df_q = calibrate_limit_by_quantile(pca_q_sequence, candidate_quantiles,
calibration_sequences, rng)
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32 systems["pca_T2"] = {"model": models["pca"], "limit": best_t2[1], "calibrated_arlO
": best_t2[2], "grid": df_t2}

33 systems["pca_Q"] = {"model": models["pca"], "limit": best_q[1], "calibrated_arlQ":
best_q[2], "grid": df_q}

34

35 if "tensor" in models:

36 def tensor_t2_sequence(inner_rng):

37 vals = []

38 for _ in range(max_run_length):

39 x = generate_normal_sample(inner_rng)

40 t2, q = tensor_stats(x, models["tensor"])

41 vals.append(t2)

42 return np.array(vals)

43

44 def tensor_q_sequence(inner_rng):

45 vals = []

46 for _ in range(max_run_length):

47 x = generate_normal_sample(inner_rng)

48 t2, q = tensor_stats(x, models["tensor"])

49 vals.append(q)

50 return np.array(vals)

51

52 best_t2, df_t2 = calibrate_limit_by_quantile(tensor_t2_sequence,
candidate_quantiles, calibration_sequences, rng)

53 best_q, df_q = calibrate_limit_by_quantile(tensor_q_sequence,
candidate_quantiles, calibration_sequences, rng)

54

55 systems["tensor_T2"] = {"model": models["tensor"], "limit": best_t2[1], "
calibrated_arlQ0": best_t2[2], "grid": df_t2}

56 systems["tensor_Q"] = {"model": models["tensor"], "limit": best_q[1], "
calibrated_arlO": best_q[2], "grid": df_q}

57

58 return systems

10.8 Example calibration curves

systems_example = calibrate_one_system(seed=777)

for key, info in systems_example.items():
df = info["grid"]
plt.figure(figsize=(8, 4))
plt.plot(df["quantile"], df["arl0"], marker='o')
plt.axhline(target_arl0O, linestyle='--')
plt.title(f"Calibration curve - {keyl}")
plt.xlabel("Candidate quantile")

10 plt.ylabel("Estimated ARLO")

11 plt.show()

12
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13 print(key, "chosen limit =", info["limit"], "calibrated ARLO =", info["
calibrated_arl0"])

10.9 Detection-delay function with calibrated limits

1 def detection_delay(sequence_stats, limit, change_point):

2 post = np.where(sequence_stats[change_point:] > limit) [0]

3 if len(post) == 0:

4 return max_run_length - change_point

5 return int(post[0] + 1)

6

7 def simulate_detection_delay_for_fault(seed, fault_type):

8 rng = np.random.default_rng(seed)

9 systems = calibrate_one_system(seed + 500)

10

11 def apply_fault(x):

12 if fault_type == "global_shift":

13 return inject_global_shift(x)

14 elif fault_type == "patch_anomaly":

15 return inject_patch_anomaly (x)

16 elif fault_type == "shape_change":

17 return inject_shape_change (x)

18 else:

19 return x

20

21 results = {}

22

23 for key, info in systems.items():

24 vals = []

25 for t in range(max_run_length):

26 X = generate_normal_sample(rng)

27 if t >= change_point:

28 x = apply_fault(x)

29

30 if key.startswith("pca"):

31 t2, q = pca_stats(x, info["model"])

32 else:

33 t2, q = tensor_stats(x, info["model"])

34

35 vals.append(t2 if key.endswith("T2") else q)

36

37 vals = np.array(vals)

38 delay = detection_delay(vals, info["limit"], change_point)

39 results[key] = delay

40

41 return systems, results
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10.10 Monte Carlo study with calibrated ARLO

18
19
20
21
22
23
24
25
26
27
28
29

30

records_arl = []
records_delay = []

fault_types = ["global_shift", "patch_anomaly", "shape_change"]

for run in range(N_RUNS):
systems = calibrate_one_system(seed=10000 + run)

for key, info in systems.items():
records_arl.append ({

"run": run,
"method_stat": key,
"calibrated_arl0": info["calibrated_arl0"]

i)

for fault in fault_types:
_, delay_results = simulate_detection_delay_for_fault(seed=20000 + 100*run,
fault_type=fault)
for key, delay in delay_results.items():
records_delay.append ({

"run":

run,
"fault_type": fault,
"method_stat": key,
"delay": delay

b

arl_df = pd.DataFrame(records_arl)
delay_df = pd.DataFrame(records_delay)

arl_summary = arl_df.groupby("method_stat") ["calibrated_arl0"].agg(["mean", "std"]).
reset_index()

delay_summary = delay_df.groupby(["fault_type", "method_stat"])["delay"].agg(["mean",
"std"]) .reset_index()

print ("ARLO after calibration:")
display(arl_summary)

print ("\nDetection delay after ARLO calibration:")
display(delay_summary)

10.11 Plot calibrated ARLO

1
2

plt.figure(figsize=(8, 4))
plt.bar(arl_summary["method_stat"], arl_summary["mean"], yerr=arl_summary["std"],
capsize=5)
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plt.axhline(target_arl0O, linestyle='--')
plt.ylabel("Estimated ARLO after calibration")
plt.title("Control-limit calibration to common target ARLO")
plt.show()

=~ W
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10.12 Plot detection delays on equal-ARLO footing

1 for fault in fault_types:

2 sub = delay_summary[delay_summary["fault_type"] == fault]

3

4 plt.figure(figsize=(8, 4))

5 plt.bar(sub["method_stat"], sub["mean"], yerr=sub["std"], capsize=5)
6 plt.ylabel("Average detection delay")

7 plt.title(f"Detection delay after ARLO calibration - {faultl}")

8 plt.show()

10.13 Pivot tables

1 arl_pivot = arl_summary.set_index("method_stat")
2 delay_pivot = delay_summary.pivot_table(index="fault_type", columns="method_stat",
values="mean"

4 print("ARLO pivot:")
5 display(arl_pivot)
6

~

print ("\nDelay pivot:")
8 display(delay_pivot)
10.14 Interpretation

This section provides a fairer comparison than using raw percentile limits.

How to read it:

If two methods have similar ARLO after calibration, then differences in detection delay are
more meaningful.

A method that still detects faster after ARLO matching has a stronger claim to better
monitoring performance.

Different methods may still win on different fault types.

This is often the better way to report simulation results in SPC studies.



10.15. Extensions

69

10.15 Extensions
Good next extensions:

o calibrate to multiple target ARLO values, not just one
o estimate detection probability within 5, 10, or 20 post-change samples
o add EWMA /CUSUM versions and calibrate them the same way

e export tables for use in a report or paper

10.16 Optional export

1 # arl_df.to_csv("calibrated_arlO_results.csv", indez=False)

2 # delay df.to_csv("calibrated_delay results.csv"”, index=False)
3

4

print ("Export section ready.")
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Sequential and Adaptive Extensions
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EWMA and CUSUM Versions of
Tensor 72 and Tensor

This section extends the tensor SPC workflow by creating sequential smoothing and accumula-
tion statistics based on:

e Tensor T2: unusual behavior inside the modeled score space

e Tensor Q: unusual residual energy outside the modeled subspace

We then build:

« EWMA-T? and EWMA-Q

e« CUSUM-T? and CUSUM-Q

These are especially useful for detecting small or persistent changes that may be harder to detect
with raw one-step statistics.

11.1 Imports

import numpy as np
import pandas as pd
import matplotlib.pyplot as plt

= W N =

ot

try:
6 import tensorly as tl

BN

from tensorly.decomposition import tucker
8 TENSORLY_OK = True

9 except Exception as e:

10 TENSORLY_OK = False

11 print("TensorLy is not available:", e)

71
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11.2 Simulation settings

1 n_ref = 120

2 max_run_length = 300
3 change_point = 100

4

5 n_vars 6
6 n_time = 20
7 temsor_rank = [5, 3, 3]

base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
10 time_axis = np.linspace(0, 2*np.pi, n_time)

11

12 # EWMA parameters

13 lambda_ewma = 0.2

14

15 # CUSUM parameters

16 k_cusum = 0.5 # reference wvalue in standardized units
17

18 # For quick in-analysis calibration

19 calibration_sequences = 60

20 target_arlO = 200

21

22 print("EWMA lambda:", lambda_ewma)

23 print("CUSUM k:", k_cusum)

24 print("Target ARLO for calibration:", target_arlO)

11.3 Data generation

def generate_normal_sample(rng) :

phase = 0.10 * rng.standard_normal()

1

2 amp = 1.0 + 0.05 * rng.standard_normal()

3

4 time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *

phase)
5 drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)
6 interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))
7 noise = 0.08 * rng.standard_normal ((n_vars, n_time))
8 return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +

interaction + noise

10 def inject_small_global_shift(sample):
11 return 1.10 * sample

12

13 def inject_small_patch_shift(sample):
14 x = sample.copy()

15 x[3, 7:12] += 0.4

16 return x



11.4. Fit a tensor monitoring model

17

18 def inject_persistent_shape_change (sample):

19 x = sample.copy()

20 x += 0.18 * np.outer(np.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
21 return x

11.4 Fit a tensor monitoring model

I def hotelling t2(score_vec, mu, S_inv):
d = score_vec - mu
return float(d.T @ S_inv @ d)

Tl W N

def fit_tensor_model(X_ref):
6 if not TENSORLY_OK:
raise RuntimeError("TensorLy is required for this analysis.")

~

8

9 X_ref_tl = tl.tensor(X_ref, dtype=float)

10 core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)
11 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]
12

13 score_vectors = np.array([

14 (U_var.T @ X_ref[i] @ U_time) .reshape(-1)

15 for i in range(X_ref.shape[0])

16 ID)

17

18 mu = score_vectors.mean(axis=0)

19 S = np.cov(score_vectors, rowvar=False)

20 S_inv = np.linalg.inv(S + le-6 * np.eye(S.shape[0]))

21

22 t2_ref = np.array([hotelling t2(s, mu, S_inv) for s in score_vectors])
23

24 g_ref = []

25 for i in range(X_ref.shape([0]):

26 G = U_var.T @ X_ref[i] @ U_time

27 recon = U_var @ G @ U_time.T

28 q_ref.append(np.sun((X_ref[i] - recon)**2))

29 g_ref = np.array(q_ref)

30

31 return {

32 "U_var": U_var,

33 "U_time": U_time,

34 "mu": mu,

35 "S_inv": S_inv,

36 "t2_ref": t2_ref,

37 "g_ref": g_ref
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11.5 Compute one-step tensor T? and Q

1 def
2

B

4

5

6

7

8

10

11

12
11.6
1 def
2

3

4

b

6

7

8 def
9
10
11

12

13

14 def
15
16
11.7
1 def
2

3

4

5

6

7

8

9

tensor_t2_q(sample, model):
U_var = model["U_var"]
U_time = model["U_time"]

G = U_var.T @ sample @ U_time
score = G.reshape(-1)
t2 = hotelling_t2(score, model["mu"], model["S_inv"])

recon = U var @ G @ U_time.T
q = float(up.sum((sample - recon)**2))

return t2, q

EWMA and CUSUM transforms

ewma_stat(x, lam):
z = np.zeros_like(x, dtype=float)
z[0] = x[0]
for t in range(1, len(x)):
z[t] = lam * x[t] + (1 - lam) * z[t - 1]
return z

upper_cusum_stat(x, k):
¢ = np.zeros_like(x, dtype=float)
for t in range(1, len(x)):
clt] = max(0, c[t - 1] + x[t] - k)
return c

standardize_with_reference(x, ref_mean, ref_std):
ref_std = max(ref_std, 1e-8)
return (x - ref_mean) / ref_std

Build one-step and sequential statistics for a run

tensor_run_statistics(sequence, model):
t2_vals = []
q_vals = []
for x in sequence:
t2, q = tensor_t2_q(x, model)
t2_vals.append(t2)
q_vals.append(q)

t2_vals = np.array(t2_vals)
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11.8
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10
11
12
13
14
15
16
17

18
19
20

def

def

def

g_vals = np.array(q_vals)

# Standardize using reference one-step distributions

t2_std = standardize with_reference(t2_vals, model["t2 ref"].mean(), model["t2_ref
"].std(ddof=1))

q_std = standardize_with_reference(q_vals, model["q ref"].mean(), model["q ref"].
std(ddof=1))

ewma_t2 = ewma_stat(t2_std, lambda_ewma)
ewma_q = ewma_stat(q_std, lambda_ewma)

cusum_t2 = upper_cusum_stat(t2_std, k_cusum)
cusum_q = upper_cusum_stat(q_std, k_cusum)

return {
"T2": t2_vals,
"Q": q_vals,

"T2_std": t2_std,
"Q_std": g_std,
"EWMA_T2": ewma_t2,
"EWMA_Q": ewma_q,
"CUSUM_T2": cusum_t2,
"CUSUM_Q": cusum_q

Generate in-control sequences for limit calibration

generate_in_control_sequence(rng, length):
return np.array([generate_normal_sample(rng) for _ in range(length)])

first_alarm_time(sequence_stats, limit):
alarms = np.where(sequence_stats > limit) [0]
if len(alarms) ==

return max_run_length
return int(alarms[0] + 1)

calibrate_limit_from_sequences(stats_list, target_arlO, candidate_quantiles):
pooled = np.concatenate(stats_list)

best = None

rows = []

for q in candidate_quantiles:

limit = np.quantile(pooled, q)

run_lengths = np.array([first_alarm_time(stats, limit) for stats in stats_list
D

arl0 = float(run_lengths.mean())

rows.append((q, limit, arl0))

if best is None or abs(arlO - target_arl0) < abs(best[2] - target_arl0):
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21 best = (q, limit, arlO)

22

23 return best, pd.DataFrame(rows, columns=["quantile", "limit", "arl0"])

11.9 Fit model and calibrate limits for one-step, EWMA, and
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22
23
24
25
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27

28
29
30
31

CUSUM statistics

rng = np.random.default_rng(12345)

X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])
tensor_model = fit_tensor_model (X_ref)

stat_names = ["T2", "Q", "EWMA_T2", "EWMA_Q", "CUSUM_T2", "CUSUM_Q"]
candidate_quantiles = np.linspace(0.95, 0.9995, 40)

stats_collection = {name: [] for name in stat_names}
for _ in range(calibration_sequences):
seq = generate_in_control_sequence(rng, max_run_length)
out = tensor_run_statistics(seq, tensor_model)
for name in stat_names:
stats_collection[name] .append (out [name])

limits = {}
calibration_tables = {}

for name in stat_names:
best, df = calibrate_limit_from_sequences(stats_collection[name], target_arlO,
candidate_quantiles)
limits[name] = best[1]
calibration_tables[name] = df

limit_summary = pd.DataFrame ({
"statistic": list(limits.keys()),
"limit": list(limits.values()),

"approx_arl0": [calibrate_limit_from_sequences(stats_collection[name], target_arlO,

candidate_quantiles) [0] [2]
for name in stat_names]

b

limit_summary

11.10 Plot calibration curves

1
2

for name in stat_names:
df = calibration_tables[name]
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plt.figure(figsize=(8, 4))
plt.plot(df["quantile"], df["arl0"], marker='o')
plt.axhline(target_arl0O, linestyle='--')
plt.title(f"Calibration curve - {namel}")
plt.xlabel("Candidate quantile")
plt.ylabel("Estimated ARLO")

plt.show()

11.11 Example sequential run with a small shift

10
11
12
13
14

15

def

ng
seq

generate_out_of_control_sequence(rng, length, change_point, fault_type):
seq = []
for t in range(length):

X = generate_normal_sample(rng)

if t >= change_point:

if fault_type == "small_global_shift":
x = inject_small_global_shift(x)
elif fault_type == "small_patch_shift":

x = inject_small_patch_shift(x)
elif fault_type == "persistent_shape_change":
X = inject_persistent_shape_change (x)
seq.append (x)
return np.array(seq)

= np.random.default_rng(54321)
= generate_out_of_control_sequence(rng, max_run_length, change_point, "
small_patch_shift")

run_out = tensor_run_statistics(seq, tensor_model)

11.12 Plot one-step vs EWMA vs CUSUM for T?

10
11
12
13

plt.
.plot (run_out ["T2_std"], label="Standardized T?")
plt.

plt

plt.
.title("One-step Tensor T2")
.xlabel("Time index")
.ylabel("Statistic")

plt
plt
plt

plt.
plt.

plt.
.plot (run_out ["EWMA_T2"], label="EWMA-T?")

plt

plt.

figure(figsize=(10, 4))
axhline(standardize_with_reference(limits["T2"], tensor_model["t2_ref"].mean(),

tensor_model["t2_ref"].std(ddof=1)), linestyle='--')
axvline(change_point, linestyle=':')

legend ()
show ()

figure(figsize=(10, 4))

axhline(limits["EWMA_T2"], linestyle='--')
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14
15
16

17

19
20
21
22
23
24
25
26
27
28
29

plt.
.title("EWMA-T2")

.xlabel("Time index")
.ylabel("Statistic")

plt
plt
plt

plt.
plt.

plt
plt
plt

plt
plt
plt

plt.
plt.

axvline(change_point, linestyle=':"')

legend ()
show ()

.figure(figsize=(10, 4))

.plot (run_out["CUSUM_T2"], label="CUSUM-T2")
.axhline(limits["CUSUM_T2"], linestyle='--"')
plt.
.title("CUSUM-T?")
.xlabel("Time index")
.ylabel("Statistic")

axvline(change_point, linestyle=':"')

legend ()
show ()

11.13 Plot one-step vs EWMA vs CUSUM for Q

10
11
12
13
14
15
16
17
18
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20
21
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plt.
.plot(run_out["Q_std"], label="Standardized Q")
plt.

plt

plt
plt
plt
plt

plt.
plt.

plt.
.plot(run_out ["EWMA_Q"], label="EWMA-Q")

plt

plt.
.axvline(change_point, linestyle=':"')
.title("EWMA-Q")

.xlabel("Time index")
.ylabel("Statistic")

plt
plt
plt
plt

plt.
plt.

plt.
.plot (run_out ["CUSUM_Q"], label="CUSUM-Q")
.axhline(limits["CUSUM_Q"], linestyle='--")
plt.
.title("CUSUM-Q")

.xlabel ("Time index")
.ylabel("Statistic")

plt
plt

plt
plt
plt

plt.

figure(figsize=(10, 4))

axhline(standardize_with_reference(limits["Q"], tensor_model["q_ref"].mean(),
tensor_model["q_ref"].std(ddof=1)), linestyle='--')

.axvline(change_point, linestyle=':"')
.title("One-step Tensor Q")

.xlabel ("Time index")
.ylabel("Statistic")

legend ()
show ()

figure(figsize=(10, 4))

axhline(limits["EWMA_Q"], linestyle='--')

legend ()
show ()

figure(figsize=(10, 4))

axvline(change_point, linestyle=':')

legend ()
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29 plt.show()

11.14 Compare detection delay across one-step, EWMA, and
CUSUM

def detection_delay(sequence_stats, limit, change_point):
post = np.where(sequence_stats[change_point:] > limit) [0]
if len(post) ==
return max_run_length - change_point
return int(post[0] + 1)

TR W N =

~

fault_types = ["small_global_shift", "small_patch_shift", "persistent_shape_change"]
N_RUNS = 30

10 records = []
11 for fault in fault_types:

12 rng = np.random.default_rng(202600 + hash(fault) % 1000)

13 for run in range(N_RUNS):

14 seq = generate_out_of_control_sequence(rng, max_run_length, change_point,
fault)

15 out = tensor_run_statistics(seq, tensor_model)

16

17 for name in stat_names:

18 delay = detection_delay(out[name], limits[name], change_point)

19 records.append ({

20 "fault_type": fault,

21 "run": run,

22 "statistic": name,

23 "delay": delay

24 )

25

26 delay_df = pd.DataFrame(records)
27 delay_summary = delay_df.groupby(["fault_type", "statistic"])["delay"].agg(["mean", "
std"]) .reset_index ()

28 delay_summary

11.15 Plot detection delay by statistic

1 for fault in fault_types:

2 sub = delay_summary[delay_summary["fault_type"] == fault]

3 plt.figure(figsize=(10, 4))

4 plt.bar(sub["statistic"], sub["mean"], yerr=sub["std"], capsize=5)
5 plt.ylabel("Average detection delay")

6 plt.title(f"Detection delay comparison - {fault}")

7 plt.show()
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11.16 Interpretation
Typical interpretation:

e One-step T?/Q react to immediate large departures.

« EWMA-T? / EWMA-Q smooth noise and can become more sensitive to small sustained
shifts.

« CUSUM-T? / CUSUM-Q accumulate small positive evidence over time and can be strong
for persistent weak changes.

The key question is not which is always best, but which is best for the kind of shift you care about.

11.17 Notes for research use

To extend this toward a paper-quality study, logical next steps are:

calibrate all six statistics to a common target ARLO more precisely
¢ compare multiple values of lambda_ewma

e compare multiple values of k_cusum

 add tensor-vs-PCA EWMA /CUSUM baselines

o estimate full ARL and delay distributions, not just means

11.18 Optional export

# limit_summary.to_csv("tensor_ewma_cusum_limit_summary.csv", indezr=False)
# delay_df.to_csv("tensor_ewma_cusum_detection_delay_runs.csv"”, indez=False)

print ("Export section ready.")



Matched Tensor vs PCA
EWMA /CUSUM Comparison

This section creates a matched sequential comparison between tensor-based and vectorized
PCA-based monitoring.

For both approaches, we compare:

 one-step T2
e one-step Q
« EWMA-T?
« EWMA-Q
« CUSUM-T?
« CUSUM-Q

The purpose is to compare tensor and PCA methods on equal sequential footing, especially for
small and persistent shifts.

12.1 Imports

1 import numpy as np

2 import pandas as pd

3 import matplotlib.pyplot as plt
4

5 try:
6 import tensorly as tl
7 from tensorly.decomposition import tucker

TENSORLY_OK = True
9 except Exception as e:

10
11
12
13

TENSORLY_OK = False

print ("TensorLy is not available:", e)

from sklearn.decomposition import PCA

81
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12.2 Settings

10
11
12

14
15
16
17
18
19
20
21
22
23

24

n_ref = 120
max_run_length = 300
change_point = 100
n_vars = 6

n_time = 20
tensor_rank = [5, 3, 3]
pca_components = 8

lambda_ewma 0.2

k_cusum = 0.5

200
calibration_sequences = 60
N_RUNS = 30

target_arlO

base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
time_axis = np.linspace(0, 2*np.pi, n_time)

print ("Tensor rank:", tensor_rank)

print ("PCA components:", pca_components)
print ("EWMA lambda:", lambda_ewma)

print ("CUSUM k:", k_cusum)

12.3 Data generation

def generate_normal_sample(rng) :
amp = 1.0 + 0.05 * rng.standard_normal()
phase = 0.10 * rng.standard_normal ()
time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *
phase)
drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)
interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))
noise = 0.08 * rng.standard_normal ((n_vars, n_time))
return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +
interaction + noise

def inject_small_global_shift(sample):
return 1.10 * sample

def inject_small_patch_shift(sample):
x = sample.copy()
x[3, 7:12] += 0.4
return x



12.4. Shared helpers

17

18 def inject_persistent_shape_change (sample):

19 x = sample.copy()

20 x += 0.18 * np.outer(np.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
21 return x

12.4 Shared helpers

1 def hotelling t2(score_vec, mu, S_inv):

2 d = score_vec - mu

3 return float(d.T @ S_inv @ d)

4

5 def ewma_stat(x, lam):

6 z = np.zeros_like(x, dtype=float)

7 z[0] = x[0]

8 for t in range(1, len(x)):

9 z[t] = lam * x[t] + (1 - lam) * z[t - 1]
10 return z

12 def upper_cusum_stat(x, k):

13 ¢ = np.zeros_like(x, dtype=float)

14 for t in range(1, len(x)):

15 c[t] = max(0, c[t - 1] + x[t] - k)

16 return c

17

18 def standardize with_reference(x, ref_mean, ref_std):

19 ref_std = max(ref_std, 1e-8)

20 return (x - ref_mean) / ref_std

21

22 def first_alarm_time(sequence_stats, limit):

23 alarms = np.where(sequence_stats > limit) [0]

24 if len(alarms) ==

25 return max_run_length

26 return int(alarms[0] + 1)

27

28 def detection_delay(sequence_stats, limit, change_point):
29 post = np.where(sequence_stats[change_point:] > limit) [0]
30 if len(post) ==

31 return max_run_length - change_point

32 return int(post[0] + 1)

34 def calibrate_limit_from_sequences(stats_list, target_arlO, candidate_quantiles):

35 pooled = np.concatenate(stats_list)
36 best = None

37 rows = []

38

39 for q in candidate_quantiles:

40 limit = np.quantile(pooled, q)
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41 run_lengths = np.array([first_alarm_time(stats, limit) for stats in stats_list
D

42 arl0 = float(run_lengths.mean())

43 rows.append((q, limit, arl0))

44 if best is None or abs(arlO - target_arlO) < abs(best[2] - target_arl0):

45 best = (q, limit, arlO)

46

47 return best, pd.DataFrame(rows, columns=["quantile", "limit", "arl0"])

12.5 Fit tensor and PCA models

1 def fit_tensor_model (X_ref):

2 if not TENSORLY_OK:

B raise RuntimeError("TensorLy is required for tensor sections.")

4

5 X_ref_tl = tl.tensor(X_ref, dtype=float)

6 core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)

7 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]
score_vectors = np.array([

10 (U_var.T @ X_ref[i] @ U_time).reshape(-1)

11 for i in range(X_ref.shape[0])

12 D

13

14 mu = score_vectors.mean(axis=0)

15 S = np.cov(score_vectors, rowvar=False)

16 S_inv = np.linalg.inv(S + le-6 * np.eye(S.shape[0]))

17

18 t2_ref = np.array([hotelling t2(s, mu, S_inv) for s in score_vectors])

19

20 q_ref = []

21 for i in range(X_ref.shape([0]):

22 G =U_var.T @ X_ref[i] @ U_time

23 recon = U_var @ G @ U_time.T

24 q_ref.append(np.sum((X_ref[i] - recon)**2))

25 g_ref = np.array(q_ref)

26

27 return {

28 "U_var": U_var,

29 "U_time": U_time,

30 "mu": mu,

31 "S_inv": S_inv,

32 "t2_ref": t2_ref,

33 "q_ref": q_ref

34 }

35

36 def fit_pca_model(X_ref):

37 X_ref_vec = X_ref.reshape(X_ref.shape[0], -1)
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12.7

def

pca = PCA(n_components=pca_components)
scores = pca.fit_transform(X_ref_vec)

mu = scores.mean(axis=0)
S = np.cov(scores, rowvar=False)
S_inv = np.linalg.inv(S + le-6 * np.eye(S.shape[0]))

t2_ref = np.array([hotelling t2(s, mu, S_inv) for s in scores])
X_hat
q_ref

pca.inverse_transform(scores)
np.sum((X_ref_vec - X_hat)**2, axis=1)

return {
"pca": pca,
"mu": mu,
"S_inv": S_inv,
"t2 ref": t2_ref,
"q_ref": g_ref

One-step T? and Q for tensor and PCA

tensor_t2_q(sample, model):

U_var = model["U_var"]

U_time = model["U_time"]

G = U_var.T @ sample @ U_time

score = G.reshape(-1)

t2 = hotelling_t2(score, model["mu"], model["S_inv"])
recon = U_var @ G @ U_time.T

q = float(up.sum((sample - recon)**2))

return t2, q

pca_t2_q(sample, model):

x_vec = sample.reshape(l, -1)

score = model["pca"].transform(x_vec) [0]

t2 = hotelling_t2(score, model["mu"], model["S_inv"])

x_hat = model["pca"].inverse_transform(score.reshape(l, -1)) [0]
q = float(np.sum((x_vec[0] - x_hat)**2))

return t2, q

Build one-step, EWMA, and CUSUM sequences

run_stat_sequences(sequence, model, method):
t2_vals = []
g_vals = []
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5 for x in sequence:
6 if method == "tensor":
7 t2, q = tensor_t2_q(x, model)

elif method == "pca":

t2, q = pca_t2_q(x, model)
10 else:
11 raise ValueError("Unknown method")
12
13 t2_vals.append(t2)
14 g_vals.append(q)
15
16 t2_vals = np.array(t2_vals)
17 g_vals = np.array(q_vals)
18
19 t2_std = standardize_with_reference(t2_vals, model["t2 ref"].mean(), model["t2_ref
"].std(ddof=1))

20 gq_std = standardize_with_reference(q_vals, model["q ref"].mean(), model["q ref"].

std(ddof=1))
21

22 return {

23 "T2": t2_vals,

24 "Q": q_vals,

25 "T2 _std": t2_std,

26 "Q_std": q_std,

27 "EWMA_T2": ewma_stat(t2_std, lambda_ewma),

28 "EWMA_Q": ewma_stat(q_std, lambda_ewma),

29 "CUSUM_T2": upper_cusum_stat(t2_std, k_cusum),
30 "CUSUM_Q": upper_cusum_stat(q_std, k_cusum),
31 }

12.8 Fit both models and calibrate all sequential limits

rng = np.random.default_rng(202612)
X_ref = np.array([generate_normal_sample(rng) for _ in range(n_ref)])

tensor_model = fit_tensor_model(X_ref) if TENSORLY_OK else None
pca_model = fit_pca_model (X_ref)

stat_names = ["T2", "Q", "EWMA_T2", "EWMA_Q", "CUSUM_T2", "CUSUM_Q"]
candidate_quantiles = np.linspace(0.95, 0.9995, 40)

0O N O U = W NN =

o O

def generate_in_control_sequence(rng, length):
return np.array([generate_normal_sample(rng) for _ in range(length)])

12
13 limits = {}
14 calibration_tables = {}

[
(=2 I |

for method_name, model in [("tensor", tensor_model), ("pca", pca_model)]:
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17 if model is None:

18 continue

19

20 stats_collection = {name: [] for name in stat_names}

21 for _ in range(calibration_sequences):

22 seq = generate_in_control_sequence(rng, max_run_length)

23 out = run_stat_sequences(seq, model, method_name)

24 for name in stat_names:

25 stats_collection[name] .append(out [name])

26

27 for name in stat_names:

28 best, df = calibrate_limit_from_sequences(stats_collection[name], target_arlO,
candidate_quantiles)

29 limits[f"{method_name} {name}"] = {

30 "limit": best[1],

31 "approx_arl0": best[2]

32 }

33 calibration_tables[f"{method name} {name}"] = df

34

35 limit_summary = pd.DataFrame([

36 {"method_stat": k, "limit": v["limit"], "approx_arl0": v["approx_arl0"l}

37 for k, v in limits.items()

38 1)

39

40 limit_summary

12.9 Plot selected calibration curves

1 for key in list(calibration_tables.keys()) [:6]:

2 df = calibration_tables [key]

3 plt.figure(figsize=(8, 4))

4 plt.plot(df["quantile"], df["arl0"], marker='o')

5 plt.axhline(target_arl0O, linestyle='--')
6 plt.title(f"Calibration curve - {keyl}")
7 plt.xlabel("Candidate quantile")

8 plt.ylabel("Estimated ARLO")

9 plt.show()

12.10 Example sequence comparison

1 def generate_out_of_control_sequence(rng, length, change_point, fault_type):
2 seq = []

3 for t in range(length):

A X = generate_normal_sample(rng)

5 if t >= change_point:
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6 if fault_type == "small_global_shift":
7 x = inject_small_global_shift(x)
8 elif fault_type == "small_patch_shift":
x = inject_small_patch_shift(x)
10 elif fault_type == "persistent_shape_change":
11 X = inject_persistent_shape_change (x)
12 seq.append (x)
13 return np.array(seq)
14

15 rng = np.random.default_rng(9090)

16 seq = generate_out_of_control_sequence(rng, max_run_length, change_point, "
small_global_shift")

17

18 tensor_run = run_stat_sequences(seq, tensor_model, "tensor") if tensor_model is not
None else None

19 pca_run = run_stat_sequences(seq, pca_model, '"pca")

12.11 Plot EWMA-T? and EWMA-Q: tensor vs PCA

1 if tensor_run is not None:

2 plt.figure(figsize=(10, 4))

3 plt.plot(tensor_run["EWMA_T2"], label="Tensor EWMA-T2")

4 plt.plot(pca_run["EWMA_T2"], label="PCA EWMA-T2")

5 plt.axhline(limits["tensor_ EWMA_T2"]["limit"], linestyle='--"')
6 plt.axhline(limits["pca_EWMA_T2"]["limit"], linestyle=':"')
7 plt.axvline(change_point, linestyle='-."')

8 plt.title ("EWMA-T? comparison")

9 plt.xlabel("Time index")

10 plt.ylabel("Statistic")

11 plt.legend )

12 plt.show()

13

14 plt.figure(figsize=(10, 4))

15 plt.plot(tensor_run["EWMA_Q"], label="Tensor EWMA-Q")

16 plt.plot(pca_run["EWMA_Q"], label="PCA EWMA-Q")

17 plt.axhline(limits["tensor_EWMA_Q"]["1imit"], linestyle='--')
18 plt.axhline(limits["pca_EWMA_Q"]["limit"], linestyle=':")
19 plt.axvline(change_point, linestyle='-."')

20 plt.title("EWMA-Q comparison")

21 plt.xlabel("Time index")

22 plt.ylabel("Statistic")

23 plt.legend ()

24 plt.show()

12.12 Plot CUSUM-T? and CUSUM-Q: tensor vs PCA
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if tensor_run is not None:

1

2 plt.figure(figsize=(10, 4))

3 plt.plot(tensor_run["CUSUM_T2"], label="Tensor CUSUM-T2")

4 plt.plot(pca_run["CUSUM_T2"], label="PCA CUSUM-T2")

5 plt.axhline(limits["tensor_CUSUM_T2"]["limit"], linestyle='--')
6 plt.axhline(limits["pca_CUSUM_T2"]["1imit"], linestyle=':")
7 plt.axvline(change_point, linestyle='-.')

8 plt.title("CUSUM-T? comparison")

9 plt.xlabel("Time index")

10 plt.ylabel("Statistic")

11 plt.legend()

12 plt.show()

13

14 plt.figure(figsize=(10, 4))

15 plt.plot(tensor_run["CUSUM_Q"], label="Tensor CUSUM-Q")

16 plt.plot(pca_run["CUSUM_Q"], label="PCA CUSUM-Q")

17 plt.axhline(limits["tensor_CUSUM_Q"]["limit"], linestyle='--"')
18 plt.axhline(limits["pca_CUSUM_Q"]["1limit"], linestyle=':"')
19 plt.axvline(change_point, linestyle='-.")

20 plt.title("CUSUM-Q comparison")

21 plt.xlabel("Time index")

22 plt.ylabel("Statistic")

23 plt.legend()

24 plt.show()

12.13 Detection-delay comparison across all sequential statistics

1 fault_types = ["small_global_shift", "small_patch_shift", "persistent_shape_change"]

2 records = []

8

4 for fault in fault_types:

5 for run in range(N_RUNS):

6 rng = np.random.default_rng(120000 + run + 1000 * fault_types.index(fault))

7 seq = generate_out_of_control_sequence(rng, max_run_length, change_point,
fault)

8

9 if tensor_model is not None:

10 tensor_out = run_stat_sequences(seq, tensor_model, "tensor")

11 for name in stat_names:

12 delay = detection_delay(tensor_out[name], limits[f"tensor_{name}"]["
limit"], change_point)

13 records.append ({

14 "method": "tensor",

15 "fault_type": fault,

16 "statistic": name,

17 "run": run,

18 "delay": delay



90 Chapter 12. Matched Tensor vs PCA EWMA /CUSUM Comparison

19 b

20

21 pca_out = run_stat_sequences(seq, pca_model, "pca')

22 for name in stat_names:

23 delay = detection_delay(pca_out[name], limits[f"pca_{name}"]["limit"],
change_point)

24 records.append ({

25 "method": "pca",

26 "fault_type": fault,

27 "statistic": name,

28 "run": run,

29 "delay": delay

30 )

31

32 delay_df = pd.DataFrame(records)

33 delay_summary = delay_df.groupby(["method", "fault_type", "statistic"]) ["delay"].agg(L[
"mean", "std"]).reset_index()

34 delay_summary.head()

12.14 Plot delay by fault type

[ R

10

for fault in fault_types:

sub = delay_summary[delay_summary["fault_type"] == fault].copy()
sub["label"] = sub["method"] + "_" + sub["statistic"]

plt.figure(figsize=(12, 4))

plt.bar(sub["label"], sub["mean"], yerr=sub["std"], capsize=4)

plt.ylabel("Average detection delay")

plt.title(f"Sequential detection delay comparison - {faultl}")

plt.xticks(rotation=45)
plt.show()

12.15 Pivot tables

(S SNV

(=2}

o 3

arl_pivot = limit_summary.set_index("method_stat") [["approx_arl0"]]
delay_pivot = delay_summary.pivot_table(index="fault_type", columns=["method", "

statistic"], values="mean")

print ("Approximate ARLO after calibration:")
display(arl_pivot)

print ("\nAverage detection delay:")
display(delay_pivot)
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12.16 Interpretation

This section provides the matched sequential baseline that the earlier tensor-only EWMA /-
CUSUM section did not.

What to look for:

o whether tensor EWMA /CUSUM still shows an advantage once PCA EWMA /CUSUM is
included

e whether tensor methods help more on structure-specific faults than on broad global shifts

e whether the best statistic depends more on the fault type than on the model class itself

This is the kind of comparison that starts to become genuinely persuasive in a research setting.

12.17 Strong next extensions
Logical next extensions include:

e repeat the comparison over multiple lambda_ewma values

e repeat over multiple k_cusum values

e compare multiple tensor ranks and PCA component counts

o add false-alarm / ARL summaries explicitly to the same analysis

o add tables that rank the best method-statistic combination by fault type

12.18 Optional export

# limit_summary.to_csv("matched_tensor_pca_ewma_cusum_limits.csv", index=False)
# delay_df.to_csv("matched_tensor_pca_ewma_cusum_delays.csv", indezr=False)

print ("Export section ready.")



Part V
Curated Results

92



Curated Results Summary

This section provides a curated results summary of the larger tensor-SPC analysis sequence.

It is designed to be cleaner and more professional than a raw computational dump. The goal is to
show:

a small set of representative figures

summary tables rather than raw arrays

direct comparisons between tensor and PCA baselines

sequential results for one-step, EWMA, and CUSUM monitoring

All line plots use linewidth = 0.5 for a cleaner printed appearance.

13.1 Imports and plotting defaults

1 import numpy as np

2 import pandas as pd

3 import matplotlib.pyplot as plt
4

5 try:

6 import tensorly as tl

7 from tensorly.decomposition import tucker
8 TENSORLY_OK = True

9 except Exception as e:
10 TENSORLY_OK = False

11 print("TensorLy is not available:", e)
12

13 from sklearn.decomposition import PCA

14

15 LW = 0.5

16 MS = 3

17 RNG = np.random.default_rng(20260421)

93
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13.2 Simulation settings

1 n_ref = 120

2 n_test = 36

3 max_run_length = 250
4 change_point = 90

6
7 n_time = 20

6 n_vars

tensor_rank = [5, 3, 3]

10 pca_components = 8

11

12 lambda_ewma = 0.2

13 k_cusum = 0.5

14

15 base_var = np.array([1.0, 0.9, 1.15, 0.95, 1.1, 0.85])
16 time_axis = np.linspace(0, 2*np.pi, n_time)

13.3 Data-generation helpers

def generate_normal_sample(rng) :

phase = 0.10 * rng.standard_normal ()

1

2 amp = 1.0 + 0.05 * rng.standard_normal()

3

4 time_profile = np.sin(time_axis + phase) + 0.35 * np.cos(2 * time_axis + 0.5 *

phase)
5 drift = 0.03 * rng.standard_normal() * np.linspace(-1, 1, n_time)
6 interaction = 0.15 * np.outer(np.linspace(-1, 1, n_vars), np.sin(0.5 * time_axis))
7 noise = 0.08 * rng.standard_normal((n_vars, n_time))
8 return amp * np.outer(base_var, time_profile) + np.outer(base_var, drift) +

interaction + noise

10 def inject_global_shift(sample, factor=1.25):
11 return factor * sample

12

13 def inject_patch_anomaly(sample, mag=0.9):
14 x = sample.copy()

15 x[3, 7:12] += mag

16 return x

17

18 def inject_shape_change(sample, mag=0.35):
19 x = sample.copy()

20 X += mag * np.outer(unp.array([1, -1, 1, -1, 1, -1]), np.cos(3 * time_axis))
21 return x

22

23 def inject_small_global_shift (sample):
24 return inject_global_shift(sample, factor=1.10)
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def

def
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def

def

inject_small_patch_shift(sample):
return inject_patch_anomaly(sample, mag=0.4)

inject_persistent_shape_change (sample) :
return inject_shape_change (sample, mag=0.18)

Monitoring helpers

hotelling_t2(score_vec, mu, S_inv):
d = score_vec - mu
return float(d.T @ S_inv @ d)

ewma_stat(x, lam):
z = np.zeros_like(x, dtype=float)
z[0] = x[0]
for t in range(1, len(x)):
z[t] = lam * x[t] + (1 - lam) * z[t - 1]
return z

upper_cusum_stat(x, k):
c = np.zeros_like(x, dtype=float)
for t in range(1, len(x)):
clt] = max(0, c[t - 1] + x[t] - k)
return c

first_alarm_time(sequence_stats, limit, max_run_length):
alarms = np.where(sequence_stats > limit) [0]
if len(alarms) ==
return max_run_length
return int(alarms[0] + 1)

detection_delay(sequence_stats, limit, change_point, max_run_length):
post = np.where(sequence_stats[change_point:] > limit) [0]
if len(post) ==
return max_run_length - change_point
return int(post[0] + 1)

standardize_with_reference(x, ref_mean, ref_std):
ref_std = max(ref_std, 1e-8)
return (x - ref_mean) / ref_std

13.5 Fit tensor and PCA models

1

X_ref = np.array([generate_normal_sample(RNG) for _ in range(n_ref)])
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2
3 def fit_tensor_model(X_ref):
4 if not TENSORLY_OK:
5 return None
6
7 X_ref_tl = tl.tensor(X_ref, dtype=float)
core_ref, factors_ref = tucker(X_ref_tl, rank=tensor_rank)
9 U_sample, U_var, U_time = [np.array(f) for f in factors_ref]
10
11 score_vectors = np.array([
12 (U_var.T @ X_ref[i] @ U_time) .reshape(-1)
13 for i in range(X_ref.shape[0])
14 D
15
16 mu = score_vectors.mean(axis=0)
17 S = np.cov(score_vectors, rowvar=False)
18 S_inv = np.linalg.inv(S + le-6 * np.eye(S.shape[0]))
19
20 t2_ref = np.array([hotelling_t2(s, mu, S_inv) for s in score_vectors])
21
22 g_ref = []
23 for i in range(X_ref.shape[0]):
24 G = U_var.T @ X_ref[i] @ U_time
25 recon = U var @ G @ U_time.T
26 q_ref.append(np.sum((X_ref[i] - recon)**2))
27 q_ref = np.array(q_ref)
28
29 return {
30 "U_var": U_var,
31 "U_time": U_time,
32 "mu": mu,
33 "S_inv": S_inv,
34 "t2 _ref": t2_ref,
35 "q_ref": g_ref
36 }
37
38 def fit_pca_model(X_ref):
39 X_ref_vec = X_ref.reshape(X_ref.shape[0], -1)
40 pca = PCA(n_components=pca_components)
41 scores = pca.fit_transform(X_ref_vec)
42
43 mu = scores.mean(axis=0)
44 S = np.cov(scores, rowvar=False)
45 S_inv = np.linalg.inv(S + le-6 * np.eye(S.shape[0]))
46
47 t2_ref = np.array([hotelling t2(s, mu, S_inv) for s in scores])
48 X_hat = pca.inverse_transform(scores)
49 g_ref = np.sum((X_ref_vec - X_hat)**2, axis=1)

50

51 return {
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52
53
54
55
56
57
58
59
60
61

n n

pca": pca,

Ilmull

: mu,
"S_inv": S_inv,
"t2_ref": t2_ref,

"q_ref": q_ref

tensor_model = fit_tensor_model (X_ref)
pca_model = fit_pca_model (X_ref)
print ("Tensor model available:", tensor_model is not None)

13.6 One-step T? and Q functions

def tensor_t2_q(sample, model):
U_var = model["U_var"]
U_time = model["U_time"]
G = U_var.T @ sample @ U_time
score = G.reshape(-1)
t2 = hotelling_t2(score, model["mu"], model["S_inv"])
recon = U_var @ G @ U_time.T
q = float(up.sum((sample - recon)**2))
return t2, q

def pca_t2_q(sample, model):
x_vec = sample.reshape(l, -1)
score = model["pca"].transform(x_vec) [0]
t2 = hotelling_t2(score, model["mu"], model["S_inv"])
x_hat = model["pca"].inverse_transform(score.reshape(l, -1)) [0]
q = float(np.sum((x_vec[0] - x_hat)**2))
return t2, q

13.7 Curated result 1 — representative tensor T? and Q example

X_test = np.array([generate_normal_sample(RNG) for _ in range(n_test)])

labels

np.array(["normal"] * n_test, dtype=object)

for i in range(12, 18):
X_test[i] = inject_global_shift(X_test[i], factor=1.30)
labels[i] "global_shift"

for i in range(18, 27):
X_test[i] = inject_patch_anomaly(X_test[i], mag=0.9)
labels[i] = "patch_anomaly"

for i in range(27, 36):
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13 X_test[i] = inject_shape_change(X_test[i], mag=0.35)
14 labels[i] = "shape_change"

16 tensor_t2 = []
17 temnsor_q = []

18

19 for i in range(n_test):

20 t2, q = tensor_t2_q(X_test[i], tensor_model)
21 tensor_t2.append(t2)

22 tensor_q.append(q)

23

24 tensor_t2 = np.array(tensor_t2)
25 tensor_q = np.array(tensor_q)

27 t2_limit = np.percentile(tensor_model["t2_ref"], 99)
28 q_limit = np.percentile(tensor_model["q_ref"], 99)

30 fig, ax = plt.subplots(figsize=(9, 3.6))

31 ax.plot(tensor_t2, linewidth=LW, marker='o', markersize=MS)
32 ax.axhline(t2_limit, linewidth=LW, linestyle='--')

33 ax.set_title("Representative Tensor T? Results")

34 ax.set_xlabel("Test sample index")

35 ax.set_ylabel("Tensor T?")

36 plt.show()

38 fig, ax = plt.subplots(figsize=(9, 3.6))

39 ax.plot(temnsor_q, linewidth=LW, marker='o', markersize=MS)
40 ax.axhline(q_limit, linewidth=LW, linestyle='--')

41 ax.set_title("Representative Tensor Q Results")

42 ax.set_xlabel("Test sample index")

43 ax.set_ylabel("Tensor Q")

44 plt.show()

13.8 Curated result 2 — normal vs anomaly visualization

good_idx = 4
bad_idx = 21

fig, ax = plt.subplots(figsize=(7.2, 3.6))
im = ax.imshow(X_test[good_idx], aspect='auto')
6 ax.set_title(f"Representative Normal Sample ({labels[good_idx]})")
7 ax.set_xlabel("Time")
ax.set_ylabel("Variable")
plt.colorbar(im, ax=ax)
10 plt.show()
11
12 fig, ax = plt.subplots(figsize=(7.2, 3.6))
13 im = ax.imshow(X_test[bad_idx], aspect='auto')

TR W N~
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ax.set_title(f"Representative Anomalous Sample ({labels[bad_idx]})")
ax.set_xlabel("Time")

ax.set_ylabel("Variable")

plt.colorbar(im, ax=ax)

plt.show()

13.9 Curated result 3 — tensor vs PCA one-step comparison
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pca_t2 = []

pca_q = [

for i in range(n_test):
t2, q = pca_t2_q(X_test[i], pca_model)
pca_t2.append (t2)
pca_q.append(q)

pca_t2 = np.array(pca_t2)
pca_q = np.array(pca_q)

pca_t2_limit = np.percentile(pca_model["t2_ref"], 99)
pca_q_limit = np.percentile(pca_model["q_ref"], 99)

fig, ax = plt.subplots(figsize=(6, 4))
for fault in np.unique(labels):
mask = labels == fault
ax.scatter(tensor_t2[mask], tensor_q[mask], s=16, label=fault)
ax.axvline(t2_limit, linewidth=LW, linestyle='--"')
ax.axhline(q_limit, linewidth=LW, linestyle='--')
ax.set_title("Tensor T?-Q Space")
ax.set_xlabel("Tensor T?")
ax.set_ylabel("Tensor Q")
ax.legend ()
plt.show()

fig, ax = plt.subplots(figsize=(6, 4))
for fault in np.unique(labels):

mask = labels == fault

ax.scatter(pca_t2[mask], pca_qlmask], s=16, label=fault)
ax.axvline(pca_t2_limit, linewidth=LW, linestyle='--')
ax.axhline(pca_q_limit, linewidth=LW, linestyle='--')
ax.set_title("PCA T?-Q Space")
ax.set_xlabel ("PCA T?")
ax.set_ylabel ("PCA Q")
ax.legend()
plt.show()
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13.10 Curated result 4 — Monte Carlo detection summary

def summarize_detection(indices, labels):

1

2 flagged = np.zeros(len(labels), dtype=bool)
3 flagged[indices] = True

4 rows = []

5 for label in np.unique(labels):

6 mask = labels == label

7 rows.append ({

8 "fault_type": label,

9 "flag rate": float(flagged[mask].mean())
10 b

11 return pd.DataFrame(rows)

12

13 N_MC = 20

14 mc_rows = []

15

16 for run in range(N_MC):

17 rng = np.random.default_rng(4000 + run)

18 X_ref_mc = np.array([generate_normal_sample(rng) for _ in range(n_ref)])
19 tensor_model_mc = fit_tensor_model (X_ref _mc)

20 pca_model_mc = fit_pca_model (X_ref_mc)

21

22 X_test_mc = np.array([generate_normal_sample(rng) for _ in range(n_test)])
23 labels_mc = np.array(["normal"] * n_test, dtype=object)

24

25 for i in range(12, 18):

26 X_test_mc[i] = inject_global_shift(X_test_mc[i], factor=1.30)
27 labels_mc[i] = "global_shift"

28 for i in range(18, 27):

29 X_test_mc[i] = inject_patch_anomaly(X_test_mc[i], mag=0.9)

30 labels_mc[i] = "patch_anomaly"

31 for i in range(27, 36):

32 X_test_mc[i] = inject_shape_change(X_test_mc[i], mag=0.35)

33 labels_mc[i] = "shape_change"

34

35 tensor_t2_mc, tensor_q _mc = [], []

36 pca_t2_mc, pca_q mc = [1, []

37

38 for i in range(n_test):

39 t2, q = tensor_t2_q(X_test_mc[i], tensor_model_mc)

40 tensor_t2_mc.append (t2)

41 tensor_q_mc.append(q)

42

43 t2p, qp = pca_t2_q(X_test_mc[i], pca_model_mc)

44 pca_t2_mc.append (t2p)

45 pca_q_mc.append (qp)

47 tensor_t2_mc = np.array(tensor_t2_mc)
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tensor_q_mc = np.array(tensor_q_mc)
pca_t2_mc = np.array(pca_t2_mc)
pca_qg_mc = np.array(pca_g_mc)

tensor_t2_limit_mc = np.percentile(tensor_model mc["t2_ref"], 99)
tensor_q_limit_mc = np.percentile(tensor_model _mc["q ref"], 99)
pca_t2_limit_mc = np.percentile(pca_model_mc["t2_ref"], 99)
pca_q_limit_mc = np.percentile(pca_model _mc["q ref"], 99)

method_flags = {
"tensor_T2": np.where(tensor_t2_mc > tensor_t2_limit_mc) [0],
"tensor_Q": np.where(tensor_q_mc > tensor_q_limit_mc) [0],
"pca_T2": np.where(pca_t2_mc > pca_t2_limit_mc) [0],
"pca_Q": np.where(pca_q_mc > pca_q_limit_mc) [0],

for method_name, idxs in method_flags.items():
tmp = summarize_detection(idxs, labels_mc)
tmp ["method"] = method_name
tmp["run"] = run
mc_rows . append (tmp)

mc_df = pd.concat(mc_rows, ignore_index=True)
mc_summary = (

mc_df .groupby(["method", "fault_type"l) ["flag_rate"]
.agg(["mean", "std"])
.reset_index()

mc_summary

13.11 Monte Carlo detection plot

fault_order = ["normal", "global_shift", "patch_anomaly", "shape_change"]

for fault in fault_order:

sub = mc_summary [mc_summary["fault_type"] == fault].copy()

fig, ax = plt.subplots(figsize=(7.5, 3.5))

ax.bar(sub["method"], sub["mean"], yerr=sub["std"], capsize=4, linewidth=LW)
ax.set_ylim(0, 1.05)

ax.set_ylabel("Mean flag rate")

ax.set_title(f"Monte Carlo Summary - {fault}")

plt.xticks(rotation=25)

plt.show()

13.12 Curated result 5 — ARL and detection delay summary
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1 def fit_sequential_limits(model, method_name, rng, target_quantile=0.99):

2 # Simple fized-quantile calibration for curated summary

3 seq_stats_t2 = []

4 seq_stats_q = []

5 for _ in range(25):

6 seq = np.array([generate_normal_sample(rng) for _ in range(max_run_length)])
7 t2_list, q_list = [1, []

8 for x in seq:

9 if method_name == "tensor":

10 t2, q = tensor_t2_q(x, model)

11 else:

12 t2, q = pca_t2_q(x, model)

13 t2_list.append(t2)

14 g_list.append(q)

15 seq_stats_t2.append(np.array(t2_list))

16 seq_stats_q.append(np.array(q_list))

17 lim_t2 = np.quantile(np.concatenate(seq_stats_t2), target_quantile)
18 lim_q = np.quantile(np.concatenate(seq_stats_q), target_quantile)
19 return lim_t2, lim_gq

21 rng_seq = np.random.default_rng(9900)
22 tensor_lim_t2, tensor_lim_q = fit_sequential_limits(tensor_model, "tensor", rng_seq)
23 pca_lim_t2, pca_lim_q = fit_sequential_limits(pca_model, "pca'", rng_seq)

25 arl_rows = []
26 delay_rows = []

27

28 fault_funcs = {

29 "small_global_shift": inject_small_global_shift,

30 "small_patch_shift": inject_small_patch_shift,

31 "persistent_shape_change": inject_persistent_shape_change

32}

33

34 for run in range(20):

35 rng = np.random.default_rng(7000 + run)

36

37 # ARLO

38 seq_ic = np.array([generate_normal_sample(rng) for _ in range(max_run_length)])

39 t_t2, t_q, p_t2, p.q = [0, 0O, [0, O

40 for x in seq_ic:

41 a, b = tensor_t2_q(x, tensor_model)

42 c, d = pca_t2_q(x, pca_model)

43 t_t2.append(a); t_q.append(b); p_t2.append(c); p_q.append(d)

44

45 arl_rows.extend ([

46 {"method_stat": "tensor_T2", "run_length": first_alarm_time(np.array(t_t2),
tensor_lim_t2, max_run_length)},

47 {"method_stat": "tensor_Q", "run_length": first_alarm_time(np.array(t_q),

tensor_lim_q, max_run_length)l},
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{"method_stat": "pca_T2", "run_length": first_alarm_time(np.array(p_t2),
pca_lim_t2, max_run_length)},

{"method_stat": "pca_Q", "run_length": first_alarm_time(np.array(p_q),
pca_lim_qg, max_run_length)},

D

# detection delay
for fault_name, fault_fn in fault_funcs.items():
seq_oc = []
for t in range(max_run_length):
X = generate_normal_sample(rng)
if t >= change_point:
x = fault_fn(x)
seq_oc.append (x)
seq_oc = np.array(seq_oc)

t_t2, t_q, p_t2, p.q = [0, [1, [0, [
for x in seq_oc:
a, b = tensor_t2_q(x, tensor_model)
c, d = pca_t2_q(x, pca_model)
t_t2.append(a); t_q.append(b); p_t2.append(c); p_q.append(d)

delay_rows.extend ([

{"fault_type": fault_name, "method_stat": "tensor_T2", "delay":
detection_delay(np.array(t_t2), tensor_lim_t2, change_point, max_run_length)},
{"fault_type": fault_name, "method_stat": "tensor_Q", "delay":
detection_delay(np.array(t_q), tensor_lim_q, change_point, max_run_length)},
{"fault_type": fault_name, "method_stat": "pca_T2", "delay":
detection_delay(np.array(p_t2), pca_lim_t2, change_point, max_run_length)},
{"fault_type": fault_name, "method_stat": "pca_Q", "delay":

detection_delay(np.array(p_q), pca_lim_q, change_point, max_run_length)},
D

arl_df = pd.DataFrame(arl_rows)
delay_df = pd.DataFrame(delay_rows)

arl_summary = arl_df.groupby("method_stat") ["run_length"].agg(["mean", "std"]).
reset_index()

delay_summary = delay_df.groupby(["fault_type", "method_stat"])["delay"].agg(["mean",
"std"]) .reset_index()

arl_summary, delay_summary.head()

13.13 ARL and delay plots

1
2

fig, ax = plt.subplots(figsize=(7.2, 3.5))
ax.bar(arl_summary["method_stat"], arl_summary["mean"], yerr=arl_summary["std"],
capsize=4, linewidth=LW)
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ax.set_ylabel ("Estimated run length")
ax.set_title("Curated ARL Summary")
plt.xticks(rotation=25)

plt.show()

for fault in delay_summary["fault_type"].unique():
sub = delay_summary[delay_summary["fault_type"] == fault]
fig, ax = plt.subplots(figsize=(7.5, 3.5))
ax.bar(sub["method_stat"], sub["mean"], yerr=sub["std"], capsize=4, linewidth=LW)
ax.set_ylabel("Detection delay")
ax.set_title(f"Curated Detection Delay Summary - {faultl}")
plt.xticks(rotation=25)
plt.show()

13.14 Curated result 6 — sequential EWMA /CUSUM tensor vs
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# Build a representative out-of-control sequence
rng = np.random.default_rng(8800)
seq = []
for t in range(max_run_length):
X = generate_normal_sample(rng)
if t >= change_point:
x = inject_small_patch_shift (x)
seq.append (x)
seq = np.array(seq)

def build_seq_stats(seq, model, method):
t2_vals, q_vals = [1, []
for x in seq:
if method == "tensor":
t2, q = tensor_t2_q(x, model)
else:
t2, q = pca_t2_q(x, model)
t2_vals.append(t2)
g_vals.append(q)
t2_vals = np.array(t2_vals)
g_vals = np.array(q_vals)

if method == "tensor":

t2_std = standardize_with_reference(t2_vals, tensor_model["t2_ref"].mean(),
tensor_model["t2_ref"].std(ddof=1))

q_std = standardize_with_reference(q_vals, tensor_model["q ref"].mean(),
tensor_model["q_ref"].std(ddof=1))
else:

t2_std = standardize_with_reference(t2_vals, pca_model["t2_ref"].mean(),
pca_model["t2_ref"].std(ddof=1))
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q_std = standardize_with_reference(q_vals, pca_model["q ref"].mean(),
pca_model["q_ref"].std(ddof=1))

return {
"EWMA_T2": ewma_stat(t2_std, lambda_ewma),
"EWMA_Q": ewma_stat(q_std, lambda_ewma),
"CUSUM_T2": upper_cusum_stat(t2_std, k_cusum),
"CUSUM_Q": upper_cusum_stat(q_std, k_cusum),

tensor_seq = build_seq_stats(seq, tensor_model, "tensor")
pca_seq = build_seq_stats(seq, pca_model, "pca')

13.15 EWMA/CUSUM sequential comparison plots
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fig, ax = plt.subplots(figsize=(9, 3.6))

ax.plot (tensor_seq["EWMA_T2"], linewidth=LW, label="Tensor EWMA-T?")
ax.plot(pca_seq["EWMA_T2"], linewidth=LW, label="PCA EWMA-T?")
ax.axvline(change_point, linewidth=LW, linestyle='--')
ax.set_title("EWMA-T?: Tensor vs PCA")

ax.set_xlabel("Time index")

ax.set_ylabel("Statistic")

ax.legend ()

plt.show()

fig, ax = plt.subplots(figsize=(9, 3.6))

ax

ax.
ax.
ax.
ax.
ax.
ax.

.plot (tensor_seq["EWMA_Q"], linewidth=LW, label="Tensor EWMA-Q")

plot(pca_seq["EWMA_Q"], linewidth=LW, label="PCA EWMA-Q")
axvline(change_point, linewidth=LW, linestyle='--')
set_title("EWMA-Q: Tensor vs PCA")

set_xlabel ("Time index")

set_ylabel("Statistic")

legend ()

plt.show()

fig, ax = plt.subplots(figsize=(9, 3.6))

ax

.plot (tensor_seq["CUSUM_T2"], linewidth=LW, label="Tensor CUSUM-T?")

ax.plot(pca_seq["CUSUM_T2"], linewidth=LW, label="PCA CUSUM-T?")
ax.axvline(change_point, linewidth=LW, linestyle='--')
ax.set_title("CUSUM-T?: Tensor vs PCA")

ax.set_xlabel("Time index")

ax.set_ylabel("Statistic")

ax.legend()

plt.show()

fig, ax = plt.subplots(figsize=(9, 3.6))

ax.

ax.

plot(tensor_seq["CUSUM_Q"], linewidth=LW, label="Tensor CUSUM-Q")
plot(pca_seq["CUSUM_Q"], linewidth=LW, label="PCA CUSUM-Q")
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34 ax.axvline(change_point, linewidth=LW, linestyle='--')

35 ax.set_title("CUSUM-Q: Tensor vs PCA")

36 ax.set_xlabel("Time index")

37 ax.set_ylabel("Statistic")

38 ax.legend()

39 plt.show()

13.16 Final curated summary tables

final_detection_table = mc_summary.pivot_table(

index="fault_type",
columns="method",
values="mean"

) .round(3)

final_delay_table = delay_summary.pivot_table(

index="fault_type",
columns="method_stat",
values="mean"

) .round (2)

print("Curated detection summary table:")
display(final_detection_table)

print ("\nCurated delay summary table:")

display(final_delay_table)

print ("\nCurated ARL summary table:")

display(arl_summary.round(2))

13.17 Interpretation

This section is intentionally selective.

Instead of showing every intermediate result, it keeps:

representative one-step figures
representative anomaly visualizations
one-step tensor vs PCA comparisons
Monte Carlo summary plots

curated ARL and detection-delay tables

matched EWMA /CUSUM sequential comparisons
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This is the kind of curated analytical summary that is appropriate to print or adapt into a monograph
chapter.
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Conclusion

This work developed a tensor-structured statistical process control framework that preserves multiway
data structure while extending classical multivariate SPC methods.

The framework integrates:

tensor-based residual (@) monitoring

o score-space (T?) monitoring

simulation-based benchmarking against vectorized PCA

ARL and detection-delay evaluation

sequential extensions using EWMA and CUSUM

The curated simulation results demonstrate that tensor-based monitoring can provide improved
sensitivity to structured variation while maintaining interpretability across modes. The results also
show that the relative advantage of tensor monitoring depends on the fault structure, the statistic
used, and the calibration strategy. This is an important practical conclusion: tensor SPC should
not be viewed as a universal replacement for PCA-based MSPC, but as a structure-aware extension
that is most valuable when the process data have meaningful multiway organization.

14.1 Future Work

Future work includes:

o application to real industrial datasets

o adaptive and nonstationary process monitoring

e integration with machine learning and anomaly detection methods
e theoretical refinement of distributional assumptions

o development of contribution and localization tools for practical root-cause interpretation
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Project Resources and Companion
Website

This monograph documents the current development of Tensor-Structured Statistical Process Con-
trol (Tensor SPC). Because Tensor SPC is an active and evolving research effort, additional material
beyond this document is maintained online as a companion resource.

The companion project website provides expanded explanations, interactive demonstrations,
software toolkit documentation, application examples, implementation guidance, and updates as
the framework continues to develop.

https://www.stat-forge.com

The website is intended to serve as a living resource. It may contain new examples, software
revisions, explanatory content, implementation notes, and future material that extends beyond
the current version of this monograph. The monograph should therefore be treated as the citable
technical reference, while the website provides practical companion resources and update pathways
for readers who want to explore demonstrations, toolkit usage, and future refinements.
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Chapter 15

Expanded Rank Selection Guidance

Rank selection is one of the most important practical decisions in Tensor SPC. In the sensor-by-
time setting used throughout the toolkit, the selected sensor rank and time rank determine the
dimension of the retained modeled structure. These ranks control the balance between preserving
stable process behavior and avoiding the absorption of noise or fault behavior into the monitoring
model.

Let each standardized run be represented as a matrix

X; e RST,

where S is the number of sensors or features and 7" is the number of time points. The model retains
a sensor basis Uy € RS*%s and a time basis U, € RT*f The selected ranks Ry and R, define the

modeled tensor score dimension
d= R.R;.

This dimension directly affects Tensor 72, Tensor @, diagnostic interpretation, and control-limit
stability.

15.1 Purpose of Sensor Rank

The sensor rank controls how many dominant sensor or feature patterns are retained. A low sensor
rank forces the model to represent the process using only a small number of shared sensor patterns.
This may be desirable when sensors move together through a few stable relationships, but it can
be too restrictive when the process contains multiple independent physical mechanisms.

A higher sensor rank allows the model to capture more sensor-to-sensor structure. This can
improve reconstruction of normal behavior, but it can also begin to absorb sensor-specific noise or
abnormal behavior into the modeled subspace. In practice, sensor rank should be large enough to
represent stable baseline relationships, but not so large that it removes the residual contrast needed
by Tensor Q.

15.2 Purpose of Time Rank

The time rank controls how many dominant temporal patterns are retained. A low time rank
captures broad time behavior such as smooth trends, cycles, warm-up patterns, or stable transient
profiles. A higher time rank captures more detailed temporal shape.
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Time rank is especially important when the process contains localized events. If the time rank
is too low, normal short-duration features may appear as residual energy and inflate Tensor Q).
If the time rank is too high, localized anomalies may be reconstructed too well and become less
visible in the residual heatmap.

15.3 Explained-Variation Approach

A useful starting point is to examine the singular-value decay from the mode-wise decompositions
used to form the sensor and time bases. For the sensor mode, singular values summarize how much
baseline variation is captured by successive sensor patterns. For the time mode, singular values
summarize how much baseline variation is captured by successive temporal patterns.

For singular values o1, ..., 0m,, the cumulative explained variation for rank r can be written as
r 2
i=19;
EV(r) S o2
i=10;

A practical rule is to choose the smallest rank that captures the dominant baseline structure before
the curve begins to flatten. The exact threshold should not be treated mechanically. In an engi-
neering monitoring problem, preserving fault sensitivity may be more important than maximizing
reconstruction accuracy.

15.4 Scree-Plot Interpretation

Scree plots provide a visual method for selecting rank. A sharp elbow suggests that the first few
components capture stable process structure, while later components are more likely to represent
weaker variation or noise. The rank near the elbow is often a reasonable starting point.

For Tensor SPC, the scree plot should be interpreted together with monitoring behavior. A
rank that looks reasonable from explained variation alone may still be poor if it produces unstable
control limits, excessive false alarms, or weak residual localization.

15.5 Cross-Validation Approach

Cross-validation can be used to compare candidate rank pairs (Rs, R¢). A typical procedure is:

1. Split the baseline runs into fitting and validation subsets.

2. Fit the tensor model using the fitting subset.

3. Reconstruct validation runs and compute validation Tensor Q.
4. Repeat across candidate sensor/time rank pairs.

5. Prefer ranks that produce stable validation reconstruction without unnecessary complexity.

The goal is not simply to minimize validation error. If validation error decreases only slightly as
ranks increase, the simpler rank pair is often preferable because it preserves more residual sensitivity
for monitoring.
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15.6 Monitoring-Stability Approach

Rank selection should also be evaluated by the stability of Tensor 72, Tensor @, and their control
limits. Candidate ranks should be compared using baseline runs and, when available, known review
or abnormal runs.

Useful checks include:

e whether baseline Tensor () values are stable rather than dominated by a few normal runs;

o whether Tensor T2 values are numerically stable and not driven by near-singular covariance
behavior;

 whether known abnormal runs remain visible in either 72, Q, or both;
e whether residual heatmaps remain interpretable;
o whether small changes in rank produce large changes in conclusions.

A rank choice is more trustworthy when neighboring rank choices lead to similar engineering
conclusions.

15.7 Consequences of Under-Ranking

An under-ranked model does not retain enough baseline structure. Important normal behavior is
left outside the modeled subspace and appears as residual energy. This can lead to:

o inflated Tensor @) values for otherwise normal runs;

e excessive false alarms;

o residual heatmaps that highlight broad normal structure rather than true anomalies;

« reduced usefulness of Tensor T2, because meaningful modeled variation has not been retained:;
e poor separation between normal structured variation and abnormal localized behavior.

Under-ranking is especially likely when the process has multiple operating modes, multiple
independent sensor groups, or complex temporal profiles.

15.8 Consequences of Over-Ranking

An over-ranked model retains too much variation. The model may begin to reconstruct noise, weak
idiosyncratic behavior, or early fault structure. This can lead to:

e reduced Tensor () sensitivity because abnormal behavior is absorbed into reconstruction;
o weaker residual localization;

« unstable Tensor T? covariance estimates when the retained score dimension is too large;
e increased dependence on the particular Phase I baseline sample;

« overfitting to baseline artifacts rather than stable process behavior.

Over-ranking is particularly risky when the number of baseline runs is small relative to the
retained score dimension R;R;.
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15.9 Practical Engineering Workflow
A practical rank-selection workflow is:

1. Start with low ranks that capture broad sensor and time behavior.

2. Review sensor and time singular-value decay.

3. Increase ranks gradually and evaluate baseline reconstruction stability.
4. Compare Tensor @ and Tensor T2 behavior across candidate ranks.

5. Review residual heatmaps for interpretability.

6. Select the simplest rank pair that captures normal structure while preserving useful residual
contrast.

For example, a sensor-by-time process with six sensors and twenty-four time points might begin
with Rs = 2 or 3 and R; = 3 or 4. The final choice should be based on stability and interpretability
rather than a fixed percentage of explained variation alone.

15.10 Relationship to Baseline Size

The retained score dimension d = RsR; should be considered relative to the number of baseline
runs. Tensor T? requires estimation of a covariance structure in the retained score space. If d is
too large relative to the number of baseline runs, the covariance estimate may become unstable or
require regularization.

As a practical guideline, the number of baseline runs should be substantially larger than the
retained score dimension. When this is not possible, ranks should be kept conservative, and pseudo-
inverse or regularized covariance estimation should be used with caution.

15.11 Recommended Reporting

When reporting a Tensor SPC model, the rank-selection method should be documented. At mini-
mum, the report should identify:

the selected sensor rank and time rank;

e the reason those ranks were selected;

e whether explained variation, scree behavior, cross-validation, or monitoring stability was used;
e the number of baseline runs used for fitting;

e any sensitivity checks performed across neighboring rank choices.

This documentation makes the monitoring model easier to audit, reproduce, and defend in
engineering or quality applications.
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Appendix A

Mathematical Foundations

This appendix collects the main mathematical definitions underlying the Tensor SPC framework.
The goal is not to replace the applied explanation in the body of the monograph, but to provide a
compact reference for the notation and monitoring statistics.

A.1 Tensor Notation

An N-way tensor is denoted by
X c R]1><[2><~-~X]N

For the common process-monitoring case used throughout this work, a single run may be represented
as

Xt c ]RSXT7

where S is the number of sensors or features and T is the number of ordered time points. A
collection of runs can be represented as a third-order tensor

NxSxT
X e RY*>x4

where N is the number of runs or observations.

A.2 Frobenius Inner Product and Norm

For two tensors A and B of the same dimension, the Frobenius inner product is

E § , E :amz iy Digige iy -

i1 i

The Frobenius norm is

Al = /(A4 4) = 33 Z in

i1 %2

In Tensor SPC, this norm gives a natural measure of residual energy.
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A.3 Tucker Representation

A Tucker representation approximates a tensor by a lower-dimensional core and mode-wise factor
matrices:

XrmGx UDxU® oy oW,

Here G is the core tensor, U™ is the factor matrix for mode n, and x,, denotes the n-mode product.
In the sensor-by-time monitoring case, the reconstruction of one standardized run can be written
as

X, = U,GU,,

where Uy is the sensor basis, U; is the time basis, and
G, = U, XU,

is the low-dimensional core or score matrix for run t.

A.4 Tensor Score Vector

The retained modeled-structure information for run ¢ is represented by vectorizing the core matrix:
2zt = vec(Gy).

If U has rank R, and U; has rank Ry, then
zZt € REs R

These score dimensions are latent tensor dimensions. They represent learned sensor-time patterns,
not individual sensors.

A.5 Tensor T? Statistic

Let p, denote the baseline mean of the tensor score vectors and let ¥, denote their covariance
matrix. The Tensor T2 statistic is

Tt2 = (Zt - Mz)ngl(zt - ,uz)‘

This statistic measures how unusual a run is within the retained modeled tensor structure. Large
Tensor T2 values indicate that the run lies in an unusual region of the learned score space, even if
the reconstruction residual is not large.

When ¥, is ill-conditioned or the number of baseline runs is small relative to the score dimension,
a pseudo-inverse or regularized covariance estimate may be used:

TP = (2t — pz) ' 37 (20 — p2),

where 31 denotes the Moore-Penrose pseudo-inverse.
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A.6 Tensor () Statistic

The residual tensor or residual matrix for run ¢ is
E, =X, — X,.
The Tensor @ statistic is the squared Frobenius norm of this residual:
Qt = ”EtH%“ = || X — Xt”%“

For a sensor-by-time matrix, this expands to

T
Q= Z Z (l‘t,s,k - ft,s,k)Q .

s=1k=1

Tensor () measures variation that is not explained by the retained tensor structure. It is therefore
useful for localized anomalies, sensor-time disturbances, and behavior outside the modeled subspace.

A.7 Contribution Decomposition

Because Tensor @ is based on squared residual energy, it can be decomposed by sensor, time, or
sensor-time cell. The sensor contribution for sensor s is

T
_ 2
Cs = Z Ct,s,k>
k=1

and the percentage contribution is

Cs
Py =100-2.
’ Qt

Similarly, the time contribution for time point & is

S
2
Cr = Z Ct,s,k>
s=1

with percentage contribution
P, = 100%.
Qt
These decompositions support residual localization and direct physical interpretation of which
sensors and time regions contributed most to the Tensor ) alarm.

Tensor T2 contributions are different. They describe deviations in latent modeled-structure
dimensions, not direct sensor contributions. This distinction is important: Tensor T2 contribution
plots help identify which latent score dimensions are unusual, while Tensor ) contribution plots
support direct residual localization by sensor and time.

A.8 Complementary Monitoring Roles
Tensor T2 and Tensor ) are complementary:

o Tensor T2 detects unusual variation within the modeled tensor structure.
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e Tensor @) detects variation outside the modeled tensor structure.

A run with high Tensor 72 but normal Tensor () may be unusual in the learned score space but
still well reconstructed. A run with normal Tensor 72 but high Tensor ) may contain localized or
unmodeled behavior. A run with both statistics high may be unusual both within and outside the
modeled structure.

A.9 Connection to Control Limits

Empirical control limits may be obtained from Phase I baseline values:

LQ = quantﬂel,a(Qh cey Qm)7
LT2 = quantﬂel,a(Tf, oo ’TT%Z)’

where m is the number of baseline runs. A common approximation for a desired in-control average

run length is
1

ARLy

For sequential versions such as EWMA or CUSUM, the control limits are generally calibrated
through simulation to achieve the desired in-control run-length behavior.

~
~
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Practical Deployment and Diagnostic
Interpretation

The preceding chapters develop Tensor-Structured Statistical Process Control from tensor founda-
tions through monitoring statistics, simulation studies, average-run-length analysis, detection-delay
evaluation, and sequential EWMA /CUSUM extensions. This supplemental section records practical
interpretation principles that follow from the methodology and support use of the framework in
industrial monitoring settings. The intent is not to change the mathematical development or simu-
lation results, but to clarify how the monitoring outputs should be interpreted when the method is
applied to real process data.

Joint Interpretation of Tensor 7?2 and Tensor )

Tensor T2 and Tensor @ should be interpreted as complementary monitoring statistics. Tensor 72
measures whether an observation is unusual within the retained multilinear score space. A large
Tensor T? value therefore indicates that the process has shifted along modeled tensor-structure
dimensions. Tensor () measures reconstruction residual energy. A large Tensor () value indicates
that the observation contains variation not well represented by the learned low-rank tensor model.

In practical review, four broad diagnostic situations may occur. If neither statistic is elevated, the
observation is not unusual under the current baseline model. If Tensor 7?2 is elevated while Tensor
() remains stable, the observation is unusual primarily within the modeled multilinear structure. If
Tensor () is elevated while Tensor T2 remains stable, the observation contains residual or localized
behavior that is not captured by the modeled structure. If both statistics are elevated, the observation
is unusual both within the modeled score space and outside the reconstruction model. This combined
case usually warrants the most careful engineering review because it suggests both modeled-pattern
deviation and residual structure.

This interpretation should be treated as a diagnostic guide rather than an automatic root-cause deter-
mination. A monitoring signal identifies statistically unusual behavior relative to the selected base-
line. Final interpretation still requires process knowledge, measurement-system awareness, operating-
context review, and confirmation against the actual engineering condition.
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Prioritizing Observations for Review

Industrial applications may produce many candidate observations for review. A practical deployment
therefore benefits from an orderly review strategy. Observations that exceed both Tensor 72 and
Tensor ) limits should generally receive higher priority than observations that exceed only one
statistic, because they indicate simultaneous deviation in the modeled structure and in the residual
space. Observations that exceed a single statistic can then be reviewed according to the magnitude
of the exceedance, the criticality of the affected process feature, and the operational context.

This prioritization does not alter the definition of Tensor T2 or Tensor Q. It only organizes review
activity so that the most diagnostically significant observations are examined first. In quality and
manufacturing settings, this distinction is important: the statistical method supplies evidence of un-
usual behavior, while the review process determines whether that behavior represents a true process
issue, measurement artifact, special cause, or acceptable operating variation.

Residual Localization from Tensor ()

Residual localization is based on the tensor reconstruction residual. For a selected observation, let
E=X-X,

where X is the standardized observed sensor-by-time array and X is the reconstruction from the
tensor model. The Tensor @ statistic is the total residual energy,

Q=22 E
i

Because this statistic is computed in the original sensor-by-time residual space, it naturally sup-
ports localization. Summing EZQJ across time identifies sensors or features with the largest residual
contribution. Summing across sensors identifies time points, process stages, or ordered sequence
positions where residual energy is concentrated. Inspecting individual cells identifies specific sensor-
by-sequence locations that contribute most to the residual signal.

This localization is most useful when Tensor () is elevated, but it can also be helpful when reviewing
borderline observations. High residual energy does not prove root cause by itself. It identifies where
the learned tensor model failed to reconstruct the observation well, thereby guiding the investigator
toward the most relevant sensor, feature, time window, or process segment.

Latent Score Contributions from Tensor 72

Tensor T2 contribution analysis must be interpreted differently from Tensor @ localization. Tensor
T? is computed in the retained latent score space of the tensor model. Its component contributions
therefore correspond to deviations along latent multilinear score dimensions, not directly to physical
sensors or individual time points.

If z is the retained score vector for a selected observation and Zz is the baseline score-space center,
component-level score deviations may be summarized using quantities proportional to

(21 — z1)°
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These components represent modeled tensor-structure dimensions determined by the selected ranks.
A large contribution indicates that the observation is unusual along one or more retained latent
patterns. It should not be read as a direct statement that a specific sensor caused the signal. When
physical localization is needed, the Tensor @ residual map and residual contribution summaries
provide the appropriate diagnostic view.

The distinction between Tensor T2 and Tensor () contributions is central to correct interpretation.
Tensor T? describes unusual movement within the learned multilinear model. Tensor @ describes
energy left outside that model. Together, they separate modeled-structure shifts from unmodeled or
localized residual behavior.

Use of Vectorized PCA and Supplemental Anomaly Scores

Vectorized PCA-MSPC remains a useful baseline comparison because it represents the conventional
approach of flattening multiway data into vectors before monitoring. Comparing tensor monitoring
results with vectorized PCA results can reveal whether preserving multiway structure changes the
monitoring conclusion. Agreement between the two approaches strengthens confidence that a signal
is not an artifact of a single modeling choice. Disagreement may indicate that flattening has obscured,
diluted, or exaggerated structure that is more naturally represented in tensor form.

Supplemental machine-learning anomaly scores, such as isolation-based scores, one-class classifica-
tion scores, or reconstruction-error scores, can also be useful as secondary screening tools. These
methods should not replace Tensor T2 and Tensor @ in the framework developed here. Their role
is exploratory: they may support the Tensor SPC conclusion, challenge it, or point to observations
that deserve additional review. Because many machine-learning anomaly scores are less directly in-
terpretable than Tensor T2 and Tensor @, they should be used cautiously and always in connection
with process knowledge.

Sequential Monitoring and ARL Interpretation in Practice

The EWMA and CUSUM extensions discussed in the monograph are intended to improve sensitivity
to persistent moderate shifts. A one-step Tensor T2 or Tensor @) chart may be most responsive to
isolated large deviations, while EWMA and CUSUM transformations accumulate evidence over a
sequence. This makes the sequential statistics useful when the practical concern is gradual drift,
low-amplitude degradation, or repeated small departures from baseline behavior.

Average run length and detection delay remain design and interpretation tools rather than guarantees
for every application. Simulation-based ARL studies provide controlled comparison across monitoring
methods and fault scenarios. In applied settings, empirical or resampling-based ARL estimates can
provide useful guidance, but they depend on the representativeness of the available baseline data
and the stability of the process. When the baseline sample is small, changing, or contaminated, ARL
estimates should be treated as approximate screening information rather than definitive operating
characteristics.
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Reporting and Engineering Use

A practical Tensor SPC report should retain enough information to support both statistical review
and engineering follow-up. At minimum, reporting should include the selected baseline definition,
tensor mode definitions, chosen ranks, standardization approach, Tensor T2 and Tensor ) limits,
run-level monitoring results, residual localization summaries, latent score contribution summaries,
and any sequential or comparative results used in decision making.

The purpose of this reporting is traceability. Tensor SPC is most useful when it connects detection,
prioritization, localization, and interpretation in a form that can be reviewed by process engineers,
quality engineers, manufacturing personnel, or other subject-matter experts. The method identifies
statistically unusual structure; the organization must still determine whether that structure repre-
sents a process change, measurement problem, special cause, or other operational condition.
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